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In  1912  Poincare  stated,  and  proved  for  some  special  cases,  his 
Geometric  Theorem.   This  theorem  states  that  if  h  is  an  area  preserving 
twist  homeomorphism  of  the  annulus  1  <  r  <  2  onto  itself,  then  h  has  at 
least  two  fixed  points.   In  1913   G.D.  Birkhoff  offered  a  proof  of  this 
result  and  in  1925  he  stated  a  generalization  in  which  the  area  pre- 
serving requirement  is  replaced  by  a  topological  condition,  namely  that 
no  ring  with  r  =  1  as  part  of  its  boundary  is  mapped  onto  a  proper  subset 
of  itself  by  h  or  h  '.   This  generalization,  known  as  the  Poincare- 
Birkhoff  Fixed  Point  Theorem,  may  be  stated  as  follows:   Let  A  be  the 
annulus  bounded  by  r  =  1  and  a  simple  closed  curve  c  which  lies  in  r  >  1 
and  intersects  each  radial  in  exactly  one  point.   If  h  is  a  twist  homeo- 
morphism of  A  onto  the  annulus  h(A)  where  h(A)  is  bounded  by  r  =  1  and 
the  simple  closed  curve  h(c)  which  lies  in  r  >  1  and  intersects  each 
radial  in  exactly  one  point,  then  either  there  is  some  ring  S  with  r  =  1 
for  its  inner  boundary  which  is  mapped  onto  a  proper  subset  of  itself  by 
h  or  h   ,  or  else  h  has  at  least  two  fixed  points. 

There  has  been  some  uneasiness  and  doubt  about  the  correctness  of 
the  proofs  given  by  Birkhoff  and  there  recently  has  been  considerable 


effort  to  find  proofs  of  these  two  theorems.   In  1977  Morton  Brown  and 
W.D.  Neumann  gave  a  convincing  proof  of  the  area  preserving  theorem. 
There  has  also  been  some  question  as  to  whether  the  ring  S  constructed 
by  Birkhoff  in  his  proof  of  the  generalization  has  a  simple  closed  curve 
for  its  outer  boundary.   (Birkhoff s  definition  of  ring  does  not  require 
the  boundary  to  be  the  union  of  two  simple  closed  curves.) 

The  theorem  proven  in  this  dissertation  is  the  following:   Let  A  be 
the  annulus  bounded  by  r  =  1  and  the  simple  closed  curve  c  which  lies  in 
r  >  1  and  intersects  each  radial  in  exactly  one  point.   If  h  is  a  twist 
homeomorphism  of  A  onto  the  annulus  h(A)  where  h(A)  is  bounded  by  r  =  1 
and  the  simple  closed  curve  h(c)  which  lies  in  r  >  1  and  intersects  each 
radial  in  exactly  one  point,  then  either: 

(1)  There  is  a  simple  closed  curve  J  which  lies  in  the  interior  of 
A  so  that  the  annulus  bounded  by  r  =  1  and  J  is  mapped  onto  a 
proper  subset  of  itself  by  h, 

(2)  there  is  a  simple  closed  curve  J  which  lies  in  the  interior  of 
h(A)  so  that  the  annulus  bounded  by  r  =  1  and  J  is  mapped  onto 
a  proper  subset  of  itself  by  h   ,  or  else, 

(3)  h  has  at  least  two  fixed  points. 

There  is  a  homeomorphism  h  so  that  the  ring  S  given  by  Birkhoff 's  con- 
struction does  not  have  a  simple  closed  curve  for  its  outer  boundary. 
Thus  the  theorem  stated  is  an  improvement  of  the  Poincare-Birkhof f  Fixed 
Point  Theorem. 


CHAPTER  ONE 
INTRODUCTION 


History  of  the  Theorem 


In  1912  Poincare  enunciated,  and  proved  for  some  special  cases,  his 
geometric  theorem  [15]  which  may  be  stated  in  the  following  manner: 
If  A  is  the  annulus  1  5  r  i    2   and  if  g  is  an  area  preserving 
homeomorphism  of  A  onto  itself  which  moves  points  on  r  =  1 
and  r  =  2  in  opposite  angular  directions  to  their  new  positions 
on  r  =  1  and  r  =  2  respectively  (that  is  to  say,  g  is  a  twist 
homeomorphism  of  A  onto  itself) ,  then  g  has  at  least  two  fixed 
points. 
In  1913  G.D.  Birkhoff  offered  the  first  proof  of  this  theorem  in  his 
Proof  of  Poincare 's  Geometric  Theorem  [3]  and  in  1925  he  announced  a  more 
general  version  in  An  Extension  of  Poincare' s  Last  Geometric  Theorem  [4]. 
This  generalization,  which  will  be  called  the  Poincare-Birkhof f  fixed 
point  theorem  in  the  sequel  (although  in  the  literature  this  name  is  used 
for  either  theorem),  may  be  stated  as  follows: 

Let  A  be  the  annulus  in  the  plane  bounded  by  r  =  1  and  a  simple 
closed  curve  y   which  lies  in  r  >  1  and  intersects  each  radial 
in  exactly  one  point.   If  g  is  a  homeomorphism  of  A  onto  the 
annulus  g(A)  where  g(A)  is  bounded  by  r  =  1  and  the  simple  closed 
curve  g(y)  which  lies  in  r  >  1  and  intersects  each  radial  in 
exactly  one  point,  and  if,  further,  g  moves  points  on  r  =  1  and  y 
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in  opposite  angular  directions  to  their  new  positions  on  r  =  1 
and  g(y)  respectively  (that  is  to  say,  g  is  a  twist  homeomorphism 
of  A  onto  g(A)),  then  either  there  is  a  ring  S  which  has  r  =  1 
as  its  inner  boundary  and  which  is  mapped  onto  a  proper  subset 
of  itself  by  g  or  g   ,  or  else  g  has  at  least  two  fixed  points. 
A  few  comments  about  the  statements  of  these  two  theorems  are  necessary. 
First,  the  requirement  that  g  move  points  on  the  two  components  of  the 
boundary  of  A  in  opposite  angular  directions  is  ambiguous  and  needs  a 
rigorous  formulation.   One  way  this  may  be  done  is  by  requiring  that 
some  lift  of  g  to  a  homeomorphism  of  the  universal  cover  A  of  A  move 
points  on  the  two  components  of  the  boundary  of  A  in  opposite  directions. 
Second,  Birkhoff  defined  a  ring  to  be  the  region  bounded  by  two  continua, 
C   and  C  ,  so  that  the  first  is  a  subset  of  the  union  of  the  second  and 
the  bounded  component  of  its  complement,  where  each  of  C   and  C   is  the 
common  boundary  of  a  bounded,  connected,  simply  connected  open  set  and 
the  complement  of  its  closure.   Note  that  C   and  C  were  not  required  to 
be  simple  closed  curves.   Finally,  the  most  important  difference  between 
the  Poincare-Birkhof f  fixed  point  theorem  and  Poincare's  geometric 
theorem  is  the  replacement  of  the  area  preserving  condition  by  the  more 
general  requirement  that  no  ring  be  mapped  onto  a  proper  subset  of 

ir  u  "I 

itself  by  g  or  g 

The  correctness  of  Birkhoff s  arguments  for  these  two  theorems 
has  been  doubted,  especially  the  correctness  of  his  argument  for 
the  existence  of  the  second  fixed  point,  see  for  example  [l7_].   His 
argument  for  the  second  fixed  point  in  his  1913  paper  is  definitely 
in  error,  but  in  his  argument  in  [4]  (which  is  summarized  in  [5]) 
to  show  the  more  general  Poincare-Birkhof f  fixed  point  theorem  he 
avoids  the  obvious  error  made  in  his  earlier  paper.   Alternative 
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proofs  for  the  existence  of  the  first  fixed  point  in  the  Poincare-Birkhof f 
fixed  point  theorem  have  been  offered  by,  for  example,  Kerekjarto  in 
1928  [ll]  and  Barrar  in  1967  [2].   Morton  Brown  and  W.D.  Neumann  have 
recently  given  in  [6]  a  convincing  proof,  along  the  lines  of  Birkhoff's 
original  arguments,  of  the  area  preserving  theorem  of  Poincare.   In  [9] 
and  [10]  H.  Jacobowitz  presented  an  argument  for  an  area  preserving  theorem 
slightly  more  general  than  Poincare 's.   A  number  of  mathematicians  have 
given  arguments  for  the  analogous  theorem  for  area  preserving  flows,  see 
[l]  and  [8]  for  example.   No  one  has  yet  offered  a  convincing  argument 
for  the  Poincard-Birkhof f  fixed  point  theorem,  although  Morton  Brown  and 
W.D.  Neumann  have  indicated  in  [6]  that  a  proof  of  this  theorem  could  be 
had  by  applying  their  careful  technique  to  the  ideas  in  Birkhoff's  1925 
paper . 

There  has  also  been  some  question  as  to  whether  the  ring  S  in  the 
conclusion  of  the  Poincare-Birkhof f  fixed  point  theorem  has  the  property 
that  the  boundary  of  S  u  {(r,6):  r  <  1}  is  a  simple  closed  curve.   Some 
authors,  for  example  van  der  Walt  in  [18],  have  misquoted  Birkhoff's 
result,  requiring  the  boundary  of  S  u  {(r,6):  r  <  1 }  to  be  a  simple 
closed  curve.   In  the  third  chapter  an  example  of  a  twist  homeomorphism 
g  of  the  annulus  1  ^  r  <  3  —  onto  itself  will  be  given  for  which  the 
ring  S,  as  constructed  by  Birkhoff  in  his  argument  in  [4]  for  the 
Poincard-Birkhof f  fixed  point  theorem,  does  not  have  this  property. 
Moreover,  it  will  be  shown  that  for  this  ring  S  there  is  no  simple 
closed  curve  in  S  \  g(S)  which  separates  the  boundary  components  of  A.   So 
the  application  of  careful  technique  to  Birkhoff's  ideas  for  the  proof 
of  his  1925  theorem  would  not  result  in  the  proof  of  a  theorem  in  which 
the  ring  S  is  required  to  have  two  simple  closed  curves  for  its  boundary. 
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In  chapter  two  a  rigorous  formulation  and  proof  of  the  following 
improvement  of  the  Poincare-Birkhof f  fixed  point  theorem  will  be  given: 
Let  A  be  the  annulus  bounded  by  r  =  1  and  a  simple  closed  curve 
Y  which  lies  in  r  >  1  and  intersects  each  radial  in  exactly  one 
point.   If  g  is  a  twist  homeomorphism  of  A  onto  the  annulus  g(A) 
where  g(A)  is  bounded  by  r  =  1  and  a  simple  closed  g(y)  which 
lies  in  r  >  1  and  intersects  each  radial  in  exactly  one  point 
then  either  (1)  there  is  a  simple  closed  curve  0  in  the  interior 
of  A  so  that  the  annulus  bounded  by  r  =  1  and  6  is  mapped  onto  a 
proper  subset  of  itself  by  g,  or  (2)  there  is  a  simple  closed 
curve  9  in  the  interior  of  g (A)  so  that  the  annulus  bounded  by 
r  =  1  and  9  is  mapped  onto  a  proper  subset  of  itself  by  g   ,  or 
else  (3)   g  has  at  least  two  distinct  fixed  points. 
This  theorem  clearly  implies  the  Poincare-Birkhof f  fixed  point  theorem 
which  Birkhoff  enunciated  in  his  1925  paper,  and  is  actually  an  improve- 
ment as  the  previous  paragraph  indicates. 

Some  Examples  of  Twist  Homeomorphisms  of  the  Annulus 

In  this  section  we  give  some  simple  examples  of  twist  homeomorphisms 
of  the  annulus  A  =  {(r,9):  1  <  r  <  2}  onto  itself. 

Let  g  :  A  ->->  A  be  the  radial  homeomorphism  given  by  g  (r,9)  = 
(/r  -  1  +  1,  9)  and  let  g  :  A  ■++  A  be  the  angular  homeomorphism  given 
by  g  (r,9)  =  (r,  9  +  —  r  -  -~)  .      On  each  radial  g   fixes  the  intersection 
of  that  radial  with  r  =  1  and  r  =  2  and  moves  every  other  point  outward. 
On  each  circle  r  =  A ,  1  <  A  <  2 ,  g   is  a  rotation  of  —  X   -  — ;  for 
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example  g   rotates  r  =  1  through  an  angle  of  -  — ,  r  =  1  —  through  an 


angle  of  0  and  r  =  2  through  an  angle  of  — .   The  map  f   =  g„*g..  is  a 

4  12   1 

twist  homeomorphism  with  no  fixed  points.   Note  that  for  every  A, 
1  <  A  <  2,  the  annulus  1  <  r  <  A  is  mapped  onto  a  proper  subset  of 
itself  by  f 

For  a  twist  homeomorphism  with  exactly  one  fixed  point  let  g  :  A  -*-*  A 
be  the  radial  homeomorphism  given  by  g„(r,6)  =  (r  +  (/r  -  1  +  1  -  r)sin  y,0), 

0  5  6  <  2tt,  and  let  g  :  A  ->-»■  A  be  the  angular  homeomorphism  given  by 

g  (r,0)  =  (r,  8  +  —   r  -  —)  ,  as  in  the  previous  example.   Note  that  g., 
is  a  homeomorphism  of  each  radial  onto  itself  which  fixes  r  =  1  and  r  =  2 
and  g   is  the  identity  on  the  radial  6=0,  on  other  radials  g   moves 
points  outward.   The  map  f   =  g?'g-  is  a  twist  homeomorphism  with  exactly 
one  fixed  point,  (1  y,  0).   Every  annulus  1  <  r  <  A, for  1  <  A  <  2,  is 
mapped  onto  a  proper  subset  of  itself  by  f    .   Each  circle  r  =  A, 

1  <  A  <  2, intersects  its  image  under  f     in  exactly  one  point. 

For  a  twist  homeomorphism  with  exactly  two  fixed  points  let  g  :  A  ^>  A 

be  the  radial  homeomorphism  given  by  g  (r,8)  =  (r  +  (/r  -  1  +  1  -  r)sin9,0), 

0  <  8  <  2tt,  and  let  g„  be  as  before.   Note  that  g.  is  a  homeomorphism  of 
°2  "4 

each  radial  onto  itself  which  fixes  r  =  1  and  r  =  2, and  g   is  the  iden- 
tity on  6  =  0  and  6  =  tt ;  for  0  <  8  <  tt,  g  moves  points  outward  and  on 
tt  <  8  <  2tt,  g   moves  points  inward.   The  map  f   =  g?*8/  is  a  twist  homeo- 
morphism of  the  annulus  onto  itself  with  exactly  two  fixed  points 
(1  j,    0)  and  (1  |,  tt). 
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Figure  1.   The  images  of  r  =  1  —  under  f    and  f 


Examples  of  twist  homeomorphisms  which  are  also  flows  are  easy  to 
illustrate.   The  flow  pictured  in  Figure  2  can  be  easily  modified  to 
create  one,  two,  or  more  fixed  points.   The  flow  pictured  in  Figure  3 
with  exactly  two  fixed  points  can  be  made  to  be  area  preserving. 

Preliminaries 


If  P  =  (p  ,p„)  and  Q  =  (q,  ,q  )  are  points  (in  Cartesian  coordinates) 

2 
in  the  plane  E   then  P  +  Q  =  (p   +  q  ,  p   +  q  ).   A  simple  curve  a  is  a 

one-to-one    continuous    function    from    [0,l]   into    the   plane   and    the   symbol 

a  will  often  be  used  for  the  image  a ([0,1  J)  as  well  as  the  map.   A 

simple  closed  curve  a  is  a  one-to-one  continuous   map   of  the  unit  circle 

into  the  plane  and  the  symbol  a  will  often  by  used  to  denote  the  image  as 

well  as  the  map.   Between  any  two  points  p  and  q  on  the  simple  closed 
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Figure  2.   A  fixed  point  free  flow. 


Figure  3.   A  flow  with  exactly  2  fixed  points, 
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curve  a  there  are  two  arcs,  [p,q]    and  lp,q]   where  cc  denotes  counter- 
ed c  c 

clockwise  and  c  denotes  clockwise.   For  a  simple  closed  curve  a  the 
interior  of  a,  or  inta,  denotes  the  bounded  component  of  the  complement 
of  a  and  the  exterior  of  a,  or  exta,  denotes  the  unbounded  component  of 
the  complement  of  a.   For  other  sets  interior  has  its  usual  meaning. 
For  a  set  A,  A  denotes  the  complement  of  A.   For  sets  A  and  B, 
A  \  B  =  A  n  B  .   The  composition  of  two  functions  f  and  g  will  be  de- 
noted by  fg,  f-g,  or  f(g(x)).   The  symbols  ||p||  ,  d(A,B),  diam(A), 

LUB,  Max,  Min,  lim  sup,  and  lim  inf  will  have  their  usual  meanings. 
x->a  x->-a 

The  notations,  definitions,  and  theorems  concerning  prime  ends  used 
in  the  section  constructing  6-chains  are  as  in  the  chapter  on  prime  ends 
in  [7]. 

The  following  definition  of  index  and  lemmas  1.1  through  1.6  appear 

2  2 

in  [6j.   Suppose  X  c  E  and  h  is  a  homeomorphism  of  X  into  E   and  sup- 
pose C:  [a,bj  ->  X  is  a  continuous  function  so  that  h  has  no  fixed  points 
on  C([a,bJ).   Let  h(P)  =  D(P,h(P))  =  (h(P)  -  P)  /  ||h(P)-P||  and  let 
II:  R  -y   S   by  II  (x)  =  (cosx,  sinx)  .   Then  there  is  a  map  C  from  [a,b]  into 
R  which  satisfies  ITC  =  h,   that  is,  which  makes  the  following  diagram 
commute : 


R 


[a,b] 


Finally,  define  Ind,  C  to  be  (C(b)  -  C(a))/2ir.   The  following  lemmas  will 
J  h 

be  freely  used  in  the  last  three  sections  of  the  proof  of  the  theorem. 
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LEMMA  1.1.   [  r  C  ,  0  '■     I  <  1,  is  a  continuous  family  of  curves, 
L 

none  of  which  contains  a  fixed  point  of  h  then  Ind,  C   is  a  continuous 

h  t 

function  of  t. 

LEMMA  1.2.   If  h  ,  0  <  t  <  1,  is  a  continuous  family  of  homeomor- 
t' 

phisms,  none  of  which  has  a  fixed  point  on  C,  then  Tnd   C  is  continuous 

function  of  t. 

LEMMA   1.3.       If    C:    [a,b]   ■+  X   then    Ind,  C   =    6/2tt   where    9    is    the    angle 

h 

between    D(C(a),    hC(a))    and    D(C(b),    hC(b)). 

LEMMA  1.4.      Suppose   C    :    [a,b]   ■>  X  and    C    :    [b,c]  ->  X,    and 

C  =  C„    u   C„  :    [a.c]  -*■  X  are   continuous    functions    then    Ind,  C  =   Ind,  C,  +  Inc,  Cn. 
12.  h  h   1  h   I 

LEMMA   1.5.      Suppose   C:    [a,b]  ■*■  X  and   -C :    [a,b]   ->■  X  is   given  by 

-C(t)    =   C(b  +  a  -   t)    then    Ind   -C   =   -Ind   C. 

LEMMA   1.6.      Suppose   C:    [a.b'J  ->  X   then    Ind,  C   =    Ind   _ih(C). 

h  h 


CHAPTER  TWO 
PROOF  OF  THE  THEOREM 


A  Precise  Statement  of  the  Theorem 

Let  A  be  the  annulus  in  the  plane  which  is  bounded  by  r  =  1  and  a 
simple  closed  curve  Y  which  lies  in  r  >  1  and  intersects  each  radial  in 
exactly  one  point.   Suppose  g  is  a  homeomorphism  of  the  annulus  A  onto 
the  annulus  g(A)  where  g(A)  is  bounded  by  r  =  1  and  the  simple  closed 
curve  g(y)  which  lies  in  r  >  1  and  intersects  each  radial  in  exactly  one 
point,  and  further  suppose  that  g  has  no  fixed  points  on  r  =  1  or  y.      Now 
let  II  map  {(x,y):  y  >  0}  onto  {(r,6):  r  >  1}  by  II(x,y)  = 
( (y  +  l)cosx,  (y  +  l)sinx)  and  let  A  =  II   (A).   There  is  a  homeomorphism 
g  of  A  into  the  plane  so  that  g-II  =  II-g,  that  is  to  say,  so  that  g  makes 
the  following  diagram  commute: 


g(A) 


g(A) 


Since  II  "(y)  is  a  one-to-one,  continuous  image  of  the  real  line  which  is 
contained  in  y  >  0  and  intersects  each  vertical  line  in  exactly  one  point 
there  is  a  continuous  function  T :    R  ->  R  so  that  II   (y)  =  {(x,y):  y  =  T(x)}. 
Also  there  is  a  continuous  function  T    :  R  -*  R  so  that  II   (g(Y))  = 
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£{(x,y):  y  =  P  (x) )  ~-    {(x,y):  y  =  I  (x)}.   The  homeomorphism  g  from  A  onto 
g(A)  is  a  twist  homeomorphism  if  g  can  be  chosen  so  that  g  moves  points 
of  y  =  0  and  y  =  F(x)  in  opposite  directions,  that  is,  so  that  either 
for  every  x  the  x-coordinate  of  g(x,0)  is  greater  than  x  and  the  x- 
coordinate  of  g(x,f(x))  is  less  than  x  or  else  for  every  x  the  x-coordi- 
nate of  g(x,0)  is  less  than  x  and  the  x-coordinate  of  g(x,T(x))  is  greater 
than  x.   In  the  sequel  assume,  without  loss  of  generality,  that  the  first 
holds,  that  is, 

g(x,0)  =  (x',0)  with  x'  >  x,  and 
g(x,F(x))  =  (x",y)  with  x"  <  x. 

Now  if  g  is  a  twist  homeomorphism  from  A  onto  g (A)  then  g   is  a  twist 
homeomorphism  from  g(A)  onto  A  and  the  homeomorphism  (g)    from  g(A) 
onto  A  satisfies  g   II  =  11(g)   .   Note  that  (g)    satisfies 

(g)_1(x,0)  =  (x',0)  with  x'  <  x,  and 
(g)   (x,T  (x))  =  (x",y)  with  x"  >  x. 

The  main  theorem  can  now  be  stated. 

MAIN  THEOREM.   If  g  is  a  twist  homeomorphism  of  the  annulus  A  onto 
g(A)  then  either: 

(1)  There  is  a  simple  closed  curve  8  in  the  interior  of  A  so  that 
the  annulus  bounded  by  6  and  r  =  1  is  mapped  onto  a  proper 
subset  of  itself  by  g, 

(2)  there  is  a  simple  closed  curve  6  in  the  interior  of  g(A)  so 
that  the  annulus  bounded  by  0  and  r  =  1  is  mapped  onto  a  proper 
subset  of  itself  by  g   ,  or  else, 

(3)  g  has  at  least  two  distinct  fixed  points. 
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In  order  to  prove  this  wo  will  assume  that  neither  is  the  case,  that 
is  that  there  is  no  such  simple  closed  curve  9  and  that  g  has  at  most  one 
fixed  point  F. 

In  the  sequel  it  will  be  convenient  to  have  a  homeomorphism  of  the 

whole  plane  onto  itself  instead  of  a  homeomorphism  from  A  onto  g(A) .   So 

2     2 
define  the  homeomorphism  h:  E  •*-*■   E  by: 


h(x,y) 


g(x,y)  if  0  <  y  <  T(x) 

g(x,0)  +  (0,y)  if  y  <  0 

U(x,r(x))  +  (0,y-r(x))   if  y  >  T(x). 


The  following  three  properties  of  h  are  immediate  from  its  definition: 

(1)  g-n  =  n-h|A, 

2 

(2)  h(x+2TT,y)  =  h(x,y)  +  (2tt,0)  for  all  (x,y)  in  E  ,  and 

(3)  h(x,0)  =  (x',0)  for  some  x'  >  x, 
h(x,T(x))  =  (x",y)  for  some  x"  <  x. 

Further,  if  (x,y)  e  A  and  h(x,y)  =  (x+2mr,y)  for  some  integer  n,  then 
II(x,y)  is  a  fixed  point  of  g  since  g-JI(x,y)  =  n-h|~(x,y)  =  JI(x  +  2niT,y)  = 
Il(x,y).   If  y  <  0  and  h(x,y)  =  (x+2mT,y),  then  h(x,0)  =  (x+2nTT,0)  so 
that  by  the  previous  argument  II  (x  ,0)  is  a  fixed  point  of  g  on  r  =  1, 
contradicting  the  fact  that  g  is  fixed  point  free  on  r  =  1.   If  y  >  F(x) 
and  h(x,y)  =  (x+2mr,y)  then  h(x,T(x))  =  (x+2mr,I'(x))  so  that  II(x,r(x)) 
is  a  fixed  point  of  g  on  y   contradicting  the  fact  that  g  is  fixed  point 
free  on  y.       So  h  has  the  additional  property: 

(4)  h(x,y)  =  (x+2n7T,y)  for  some  integer  n  if  only  if  II(x,y)  is  a 

fixed  point  of  g. 

2 
If  g  is  fixed  point  free  on  A,  then  h  is  fixed  point  free  on  E   and,  in 

2 
fact,  h(x,y)  f    (x+2nTr,y)  for  all  (x,y)  in  E   and  all  integers  n.   If  g 
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has  exactly  one  fixed  point  in  A,  then  there  is  some  (x,y)  with  0  <  y  <  I'(x) 
so  that  g*II(x,y)  =  n(x,y).   In  this  case  there  is  some  integer  N  so  that 
every  point  (x,y)  in  F  =  {(x+2kTt,y):  k  is  an  integer}  satisfies 
h(x,y)  =  (x+2N7T,y).   So  either  h  has  F  as  its  set  of  fixed  points,  or 
else  h  has  no  fixed  points  and  the  only  points  (x,y)  satisfying 
h(x,y)  =  (x+2nn,y)  for  any  integer  n  are  those  in  F. 

In  the  section  on  the  construction  of  the  auxiliary  homeomorphism  it 

will  be  necessary  to  have  the  homeomorphism  g  extended  to  a  slightly 

2 
larger  set.   We  can  extend  g  in  a  natural  way  to  all  of  E   by  requiring, 

where  g(r,0)  =  (g  (r,8),  g2(r,e))  and  y   =    {(r,9):  r  =  y(9)>, 


g(r,9)  =  \ 


g(r,6) 


if  (r,e)  e  A 
if  r  <  1 

i(g1(Y(e),e)  +  r-Y(e),  g2(Y(e),e))  if  r  >  Y(e). 


(r,  g2(i,e)) 


If  n  maps  {(x,y):  y  >  -1}  onto  {(r,6):  r  >  0)  by  n(x,y)  = 
((y+l)cosx,  (y  +  l)sinx)  then  the  extended  function  g  satisfies 


g-n  =  n-h 


y  >  -1 


Overview  of  the  Proof 


In  the  first  section  of  the  proof  a  continuous  nonnegative  function 
:  A  ->  R  is  chosen  to  satisfy  these  requirements: 


(1)   N(P,6(P))  n  g(N(P,6(P))  -  <|>  if  P  +   F; 


(2)  N(P,6(P))  n  g   N(P,8(P)))=  <j>  if  P  ±    F;  and 

(3)  6(P)  =  0  if  and  only  if  P  =  F. 

(Note  here  that  this  differs  from  Birkhoff's  construction  in  that  his 


is  a  function  of  the  ''-coordinate  only.)   A  6-chain  is  then  defined  to 

be  a  finite  sequence  of  points  P„.  P  ,  .  .  .  ,  P   from  r  >  1,  with  P_ 

in  r  =  1 ,  P,  ,  =  g(P,  )  +  V,  for  some  point  V,  where  II  V,  II  <  6(g(P.  ))  and 
k+1      k     k  k       "  k  "        k 

P   e  A  for  0  <  k  <  N.   If  P„  k   A  then  P_,  P. ,  .  .  .  ,  P„  is  said  to  be 
k  N  0    1  N 

terminating.   Let  M  =  {P:  P  =  P   for  some  6-chain  P  ,  .  .  .  ,  P  },  and 
n  n  U  n 

note  by  choice  of  6,  F  k   M  .   If  there  were  no  terminating  6-chains,  then 

11  CO 

M  <=  {(r,6):  1  <  r  <  y(Q)}    for  each  n.   We  then  let  M  =  [j  M  and  let  S  be 

n  n=l  " 

the  complement  of  the  closure  of  the  unbounded  component  of  the  complement 

of  the  closure  of  M,  minus  r  <  1.   The  ring  S  has  the  property  that 
g(S)  c  S  and  that  there  is  a  simple  closed  curve  9  in  S  \  g(S)  which 
separates  the  boundary  components  of  A.   Hence  r  =  1  and  9  bound  an 
annulus  which  is  mapped  onto  a  proper  subset  of  itself  by  g,  contradict- 
ing the  standing  assumption  that  there  is  no  such  annulus.   Hence  there 
is  a  terminating  6-chain  for  g.   A  terminating  6-chain  P  ,  P  ,  .  .  .  ,  P„ 
is  then  chosen  so  that  N  is  minimal,  and  so  that  N(g(P    )  ,  ||  V  „  ,|| ) "  Y  =  <f>  • 

Let  6   =  II V-  ||  .   This  6-chain  P.,  P,  ,  .  .  .  ,  P„  and  the  numbers  5   will 
k    "  k"  0   1  N  k 

remain  fixed  throughout  the  remainder  of  the  argument. 

In  the  second  section  of  the  proof  an  auxiliary  homeomorphism 
T:  {(r,9):  r  >  1  -  n}  -»{(r,0):  r  >  1}  is  constructed,  for  a  certain 
positive  number  n  so  that  T(g(P  ))  =  P     and  so  that  T-g  is  homotopic 
to  g  via  a  homotopy  which  has  at  each  level  exactly  the  same  fixed  points 
as  g.   Essentially  T  is  constructed  as  follows:   First  we  find  a  col- 
lection of  pairwise  disjoint  arcs  a,  from  g(P  )  to  P  where 

a,  c  N(g(P,  ),  6(g(P,  )).   It  is  possible  to  pick  such  arcs  a,  satisfying 
k       k       k  k 

the  last  requirement  because  of  the  minimality  properties  of 

P.,  P.  ,  .  .  .  ,  P.,  and  because  the  sets  N(g(P,  ),  6(g(P,)))  are  disks. 
0    1  N  K         K 

Then  we  find  a  collection  of  pairwise  disjoint  topological  disks  D^ 
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so  that  a. 


intD.  r-   N(g(P.),  5(g(P.))).   Inside  each  disk  D   g(P,)  can 

k  K  K  K.       K 

now  be  mapped  to  P   ,  by  some  homo.omorphism  T  which  leaves  the  boundary 

k+i  N-l 

of  each  disk  D,  fixed,  while  outside  I  I D,  T  is  the  identity.   Then  T  is 

k  kV0  k 

fixed  up  for  the  special  case  g(PQ)  to  P  ,  and  close  to  r  =  1 .   Since  T 

only  moves  points  inside  the  disjoint  disks  D   <=  N(g(Pk),  6(g(Pk>))  and 

points  close  to  r  =  1 ,  it  does  not  create  any  new  fixed  points,  nor 

obliterate  any  existing  fixed  point,  of  g  (by  choice  of  6  and  n) •   The 

homotopy  between  g  and  T-g  is  lifted  to  a  homotopy  between  HQ  =  h  and  a 

homeomorphism  H  . 

In  the  third  section  of  the  proof  a  simple  curve  C*  is  constructed 

-i  k  "■ 

as  follows:   Let  PQ  e  II   (PQ)  and  for  each  k  let  Pk  =  H-^Pq).   Let  CQ 

be  the  straight  line  segment  from  P  .  on  y  =  -n  to  P   on  y  =  0  and  let 

N   . 
C*  =  UH  (C  )•   The  curve  C*  is  then  shown  to  be  a  simple  curve  from 

k=0  l  -  -1 

P   on  v  =  -n  to  P  on  y  =  F(x)  which  contains  no  point  of  II   (F)  .   If 

-1  N s J, 

Q^    is  the  angle  from  the  vector  P_x,  P_}  +  (1,0)  to  P_1,Ht(P_1)  and  62 

s s 

is  the  angle  from  the  vector  P  ,  P   +  (1,0)  to  pN'Ht (PN)  then 

Ind   (C*)  =  (9^  -  o!")/2tt  (mod  1);  by  choice  of  6  and  n,  0  <  &1    <  tt/4  and 

tt/2  <  ol;  <  3tt/2  so  that  -  <  Indu  C*    <  T   (mod  1).   In  this  section  we 

also  show  that  if  W  is  a  point  in  y  <  0  and  B  is  a  point  in  y  >  T(x), 

then  Ind   C  is  the  same  for  every  simple  arc  C  from  W  to  B  which  misses 

Ht 
the  fixed  points  of  h  if  any.   (If  h  has  fixed  points, then  the  set  of 

fixed  points  of  h  is  II   (F)-) 

For  this  particular  homeomorphism  H  and  this  particular  curve  C* 

homotopies  are  constructed  in  the  fourth  section  of  the  proof  to  show 

that  Indu  C*  =  (ei  -  oJ)/2tt.   Since  for  all  t,  0  <  t  <  1, 

Ind   C*  =  (o!j  -  6  )/2ti  (mod  1),  using  the  continuity  property  of  the 

index  we  have  Ind  C*  =  (e„  -  01)/2tt.   Hence  we  have  ^  <  Incl^C*  <  ^. 
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Now  an  nna logons  argument  could  be  made  for  the  twist  homeotnorphism 
g   ,  using  h~   for  the  lift  of  g   ,  with  the  only  essential  differences 
being  that  g   maps  g(A)  onto  A  and  that  h   moves  points  on  y  =  0  to 
points  on  y  =  0  with  smaller  x-coordinates  and  h   moves  points  on 
y  =  T  (x)  to  points  on  y  =  T (x)  with  larger  x-coordinates.   Hence  the 
end  result  of  such  an  argument  would  be  that  there  exists  a  simple  closed 
curve  B  from  some  point  in  y  <  0  to  some  point  in  y  =  T  (x)  so  that 


f  <  Indh-lB<-i 


In  the  last  section  of  the  proof  we  obtain  the  desired  contradiction 

in  this  manner:   The  curve  B*  =  h   (B)  from  some  point  Z^   in  y  <  0  to 

3  1-1 

some  point  W  in  y  =  T(x)  satisfies  -  j  <    Ind^*  <  -  ■£  since  Indhh   (B)  = 

Ind  _iB.   Translation  by  multiples  of  2tt  does  not  change  the  index  here, 

h 
so  assume  C*  and  B*  are  disjoint.  Suppose  C*  is  from  Z   in  y  <  0  to  V^  in 

y  =  T(x).  Let  a   be  a  simple  arc  from  Z   to  Z   in  y  <  0  and  let  a^    be  that 

part  of  y  =  T(x)  from  W2  to  VL.   Then  Indh  aJ    B*  a2  =  IndhC*,  but 

\  <    Ind  C*  <  r,  and  since  Ind,  a,  B*  a_  =  Ind.  a   +  Ind  B*  +  Ind  a 
4      h     4  nil  hi      n        n  z 

1  13  1 

where  Ind   a   =0,  -  -  <  ln^h   «2  <  2   and  "  4  <  TndhB:V  <  ~  4' 

-  —  <  Ind   a   B*  a   <  -7.   Since  we  have  obtained  a  contradiction  from  the 
4      hi     2   4 

assumptions  that  there  is  no  simple  closed  curve  6  so  that  the  annulus 
bounded  by  r  =  1  and  9  is  mapped  onto  a  proper  subset  of  itself  by  g  or 
by  g~   and  g  has  at  most  one  fixed  point,  the  theorem  is  proven. 
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Construc t ing  6-Chains 

In  this  section  we  show  that  the  assumptions  that  there  is  no 
simple  closed  curve  8  so  that  the  annulus  determined  by  r  =  1  and  6  is 
mapped  onto  a  proper  subset  of  itself  by  either  g  or  g   ,  and  that  g  has 
at  most  one  fixed  point,  imply  the  existence  of,  for  each  of  g  and  g   , 
a  finite  sequence  of  points  with  certain  useful  properties  which  will  be 
crucial  in  the  remainder  of  the  argument. 

First,  there  is  a  positive  number  y   so  that  d(P,h(P))  >  u^  for  all 
points  P  in  y  =  0  or  y  =  T(x),  since  h  is  periodic  in  the  sense  that 
h(x+2TT,y)  =  h(x,y)  and  has  no  fixed  points  on  y  =  0  or  y  =  T(x).   Further, 
there  is  a  positive  number  X,   so  that  t,   <   min{|x-x'|:  (x',y')  =  h(x,r(x))L 
Also,  there  is  a  positive  number  u   <  "o  min(u  ,0  so  that  if  diam(B)<y2  then 
diam(h(B))  <  -r  min(p  ,  z,)    since  h  is  a  periodic  homeomorphism,  and  since 
on  E   \  A,  h  is  determined  by  its  action  on  y  =  0  and  y  =  T(x).   Finally, 
there  is  a  positive  number  u   so  that  for  all  points  P  in  A,  if  e  <  u^, 
then  each  component  of  if  (N(P,e))  has  diameter  less  than  u^   Note  that 
if  1I(Q)  =  Q  is  on  r  =  1  and  0  is  the  component  of  II   (N(Q,u  ))  which 
contains  Q  then  every  point  of  h(0)  is  to  the  right  of  Q,  and  that  if 
n(Q)  =  Q  is  on  y  and  0  is  the  component  of  II   (N(Q,u  )  which  contains 
Q  then  every  point  of  h(0)  is  to  the  left  of  Q. 

DEFINITION  2.1.   If  g  does  not  have  any  fixed  points  in  A  then  there 
is  a  positive  number  6  so  that  the  following  hold: 


(I)  N(P,6)  n  g  N(P,6)  =  <|>, 

-1 


(2)  N(P,6)  n  g    N(P,6)  =  <|>,  and 

(3)  6  <  u3- 

Define  5:  A  ^  R  to  be  the  constant  map  given  by  6(P)  =  6  for  all  P  in  A. 
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If  ^r  has  exactly  one  fixed  point  F  in  A  (F  must  lie  in  intA)  ,  then  there 
is  a  continuous,  nonnegative  function  6 :  A  ■*  R  with  the  following 
properties : 

(1)  6(P)  =  0  if  and  only  if  P  =  F, 

(2)  6(P)  <  d(F,P)  if  P  £   F, 

(3)  N(P,6(P))  n  g  N(P,6(P))  -  <j.  if  P  +   F, 

(4)  N(P,6(P)  n  g_1  N(P,6(P))  =  <$>   if  P  /  F,  and 

(5)  6(P)  <  vy 

DEFINITION  2.2.   A  6-chain  is  a  finite  sequence  P  ,  P  ,  .  .  .  ,  ?N 

2 
of  points  in  E  with  these  properties: 

(1)  PQ  £  {(r,6):  r  =  1}, 

(2)  P   £  A  for  0  <  k  <  N, 

k 

(3)  P   e  {(r,9) :  r  >  1},  and 

(4)  P,  ,  =  g(P,  )  +  V,  where  V   e  E   and  ||v  ||  <  S(g(P  )),  for 

k+1      k     k        k.  k  K 

0  <  k  <  N. 

A  6-chain  Prt,  P,  ,  .  .  .  ,  PkT  is  said  to  be  terminating  if  P   e  y   u  exty. 
0   1  N  N 

LEMMA  2.3.   If  there  is  no  terminating  6-chain  then  there  is  a 
subset  S  of  A  with  these  properties: 

(1)  r  =  1  is  a  subset  of  S, 

(2)  S  \  { (r,0) :  r  =  1}  is  open, 

2   — 

(3)  E  \  S  has  exactly  two  components,  and 

(4)  g(S)  c  S. 

PROOF.   Suppose  there  is  no  terminating  6-chain.   For  each  non- 
negative  integer  n  let  M   =  {P  <    A:  there  is  some  6-chain 

P    p    P    .  .  .  ,  P   with  P  =  P  }.   Then,  for  example, 
0'   1'   2  n  n 

M  =  {(r,B):  r  =  1}  and  M  =     (J     N( (1, 6) ,6 (1, 9) )  n  A  = 

0  l        0  <  6  <  2tt 

{(r,6):  1  <  r  <  1  +  6(1,9)}.   For  each  nonnegative  integer  n,  if  Pn 


19- 


is  the  n+lst  element  of  the  6-chain  P„,  P1  ,  .  .  .  ,  P   then  P   is  the 

0   1  n       n 

n+2nd  element  of  the  6-chain  g"  (P.) ,  P.,  P, P  ,  so  P   e  M  , . . 

°  0    0   1        n      n    n+1 

Therefore,  M  c  M  , ,  for  all  n.   Suppose  P  e  g(M  ),  so  that  g   (P)  e  M  , 
n    n+1  "  n  n 

then  there  is  a  6-chain  Pn,  Pi ,  .  .  .  ,  P  with  P  =  g~  (P) .   So 

0    1  n       n 

P.P.  .  .  .  ,P,g(P)+  (0,0)  is  a  6-chain  whose  n+2nd  element  is  P, 
0   1  n     n 

hence  P  e  M  ,,.   Therefore  g(M  )  £   M  in  for  every  n.   Since,  for  each 
n+1  n     n+i 

n  >  1,M  =  [J  (n(P,6(P))  n  a) ,   M   is  connected  and 

n   P  e   gCM^i) 

M  \  { (r , 8) :  r  =  1 }  is  open, 
n 

Now  let  M  =  \^J    M,  .   Since  there  are  no  terminating  6-chains 
k=0  k 
M   c  A  for  each  n,  so  that  M  £   A.   Since  g(M,  )  £   M.+i  an&   since 

Mc  M     g(lj  M  )  c  (J  M    =  M,  so  that  g (M)  £   M.   Since 

M  \  {(r,0):  r  =  1 }  is  the  union  of  the  open  sets  M,  \  {(r,9):  r  =-1}, 

it  is  open.   Since  each  M   is  connected  and  M  c  M   ,  M  is  connected. 

2   — 
Since  {(r,6):  v  =   1}   £  M  £  A,    E   \M  has  one  component  which  is 

{(r,9):  r  <  1}  and  exactly  one  unbounded  component,  which  contains 

exty.  Thus M  has  all  the  properties  desired  of  S  except  (3). 

2 
Let  B  be  the  union  of  all  the  bounded  components  of  E   \  M  except 

{(r,6):  r  <  1),  if  any.   Finally  let  S  =  int(M  u  B)  u  {(r,9):  r  =  l). 

Now,  clearly,  {(r,G):  r  =  1}  c  S,  S  \  {(r,6):  r  =  1}  is  open,  S  is  con- 

2 
nected,  and  E   \  S  has  exactly  two  components,  one  being  r  <  1  and  the 

other  containing  y  u  exty.   Now,  since  g(M)  c  M,  and  since  g  maps  points 

2 
in  the  unbounded  component  of  E   \  M  in  A  to  points  in  the  unbounded 

2     —  2   - 

component  of  E   \  g(M)  in  g(A),  the  unbounded  component  of  E   \  M  is 

2 
a  subset  of  the  unbounded  component  of  E   \  g(M),  hence  g(S)  £   S.    □ 

Since  S  contains  M  =  {(r,9):  1  <  r  <  1  +  6(1,9)} 
the  boundary  of  S  has  exactly  two  components;  let  9S  denote  that  com- 
ponent which  is  not  r  =  1.   Otherwise  3B  for  a  set  B  has  its  usual 
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meaning.   Note  that  the  fixed  point  F,  if  there  is  one,  does  not  belong 

to  any  of  the  sets  M  ,  thus  does  not  belong  to  M.   However,  F  may  belong 

J  n 

to  S  or  to  9S . 

LEMMA  2.4.   Suppose  g  is  fixed  point  free  and  <5  is  defined  as  in 
the  first  part  of  definition  2.1.   If  no  6-chain  terminates, then  there 
is  a  simple  closed  curve  9  in  intA  with  r  =  1  in  its  interior  and  with 
g(6)  <=  into  (so  that  the  annulus  bounded  by  r  =  1  and  9  is  mapped  onto 
a  proper  subset  of  itself  by  g) . 

PROOF.   Construct  the  set  S  as  in  lemma  2.3.   Let  P  e  8S;  since  P 
is  a  limit  point  of  M  and  since  h  is  continuous  there  is  a  point  Q  in  M 
so  that  d(g(P),g(Q))  <  <5/4.   There  is  an  integer  n  so  that  Q  e  M  ,  hence 
N(g(Q),6)  n  A  c  M  +1  c  S.   So,  N(g(P),<5/4)  c  N(g(Q),6)  so  that 
g(P)  e  intS.   Therefore  g(9S)  is  a  closed  subset  of  intS.   Since 
S  u  {(r,6):  r  <  1}  is  a  connected,  simply  connected  bounded  domain,  the 
Riemann  mapping  theorem  gives  a  one-to-one  conformal  map  <f>  from 

5  u  {(r,9):  r  <  1}  onto  the  interior  U  of  the  unit  circle  T.   Since 
g(3S)  c  intS,  g(S)  u  {(r,0):  r  <  1}  c  intS  u  {(r,8):  r  <  1},  hence 
4>(g(S)  u  {(r,9):  r  <  1})  is  a  compact  subset  of  U.   So  there  is  a  posi- 
tive number  c    so  that  e  <  d(T,<j)(g(¥)  u  {(r,8):  r  <  1})).   Let 

6  =  (j)   ({(r,6):  r  =  1  -  e}).  Then  8  is  a  simple  closed  curve  in  S  \  g(S) 
so  that  r  =  1  is  in  its  interior  and  g(6)  lies  in  inte.    D 

Before  proceeding  to  the  case  in  which  g  has  exactly  one  fixed  point 
we  will  prove  the  following  lemma  using  the  theory  of  prime  ends.   The 
definitions,  notations,  and  theorems  used  here  about  prime  ends  can  be 
found,  for  example,  in  [7].   This  lemma  is  also  a  consequence  of  the  more 
general  Theorem  42  on  page  217  of  R.L.  Moore's  Foundations  of  Point  Set 
Theory  [12]  . 
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LEMMA  2.5.   Suppose  each  of  V  and  W  is  a  connected,  simply  connected. 

2         —     — 
bounded  domain  in  E   so  that  V  and  W  are  simply  connected  and  V  c  W  and 

3V  n  8W  =  (q),  then  there  is  a  simple  closed  curve  6  in  (W  \  V)  u  {QJ  so 

that  V  c  inte  u  {Q} . 

PROOF.   Let  0  =  W  \  V.   The  set  0  is  open  and  connected,  and  since 

Q  is  in  both  of  V  and  WC,  V  u  W°  is  connected  so  that  0  =  (V  U  W  )   is 

simply  connected.   Let  f  be  a  conformal  map  of  W  onto  the  interior  U  of 

the  unit  circle  T  (by  the  Riemann  mapping  theorem).   Every  point  in  V 

except  Q  is  mapped  into  U.   The  set  ij;(0)  is  open,  connected,  and  simply 

connected  since  0  is,  and  ij)  (V)  is  open,  connected,  and  simply  connected 


since  V  is.   The  set  i>  (V)  is  a  compact,  connected  subset  of  U  u  T  and 


\\i(V)   £   MV  \  {Q})  u  T.   So,  iKV)  n  T  is  a  closed  subset  of  T;  hence 


T  \  i|»(V)  is  the  union  of  at  most  countably  many  disjoint  open  arcs  each 
of  which  is  a  component  of  T  \  ij)  (V) .   If  i|»(V)  n  T  is  not  an  arc  then 


there  are  at  least  two  disjoint  open  arcs  in  T  \  iJj(V),  say  (*i»^-pcc  anc* 


(X„,A1)   ,  so  that  A,  ,  XI,    X„,    XI   are  in  <KV)  .   Let  w   e  (A  ,A')    and 
v  2   2  cc  112   2  1     1   1  cc 

w  e    (X„,\l)      ,  let  e  be  a  positive  number  less  than  each  of  d(w  ,<J>(V)) 
2     2  2   cc  -L 

and  d(w„,i|)(V))  and  finally  let  z   and  z   be  points  in  U  n  N(w-,e)  and 
U  n  N(w   e)  respectively.   Since  N(w  ,e)  n  U  <=  i|)(0)  and  N(w2,e)  n  U  <=   ^(0) 
the  open  segments  a   from  w   to  z   and  a      from  w   to  z   are  contained  in 
i|)(0).   Since  z   and  z   are  in  i>  (0)    there  is  an  arc  a^   from  z^    to  z^   in 


i(i(0).   So  a   u  a      u  a   does  not  intersect  \{j(V)  and  contains  an  arc  a   from 

w   to  w„.   So  each  of  a    U  [wn,w„]   and  a  u  [w„,w  ]   is  a  simple  closed 
12  1   2  cc  2   1  cc 

curve  which  does  not  intersect  i|»(V  \  {Q})  hence  i|)(V)  must  lie  in  the 

interior  of  exactly  one  of  these  two  curves.   Suppose  <KV)  lies  in  the 

interior  of  a  u  [w,  ,w„]   ,  then  \\>  (V)  lies  in  the  union  of  a  u  [w  w  ] 

1   2  cc  l   z  cc 
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Figure  A.   The  arc  a  in  U  \  ^(V) . 


and  its  interior  but  A   and  A'  lie  in  the  exterior  of  L  u  [w  ,w  ]   and 


are  also  in  iJ>(V)  ,  a  contradiction.   (Here  we  are  using  the  Jordan  curve 
theorem.)   Thus,  i|>(V)  n  T  is  an  arc. 


iKV)  n  T 


Figure  5.   The  map  ty . 


Now  we  will  show  that  i|i(V)  n  T  consists  of  exactly  one  point.  Sup- 
pose w  e    iJj(V)  n  T  and  P  is  a  principal  point  of  the  prime  end  P(w)  of  W 
which  corresponds  to  w  under  the  map  ty      .   There  is  a  chain  {^1^  of 
crosscuts  of  W  belonging  to  P(w)  so  that  {y  )   ,  converges  to  P.   Since 
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(•!>(>  )}   ,  is  a  chain  of  crosscuts  of  U  which  convei-ges  to  w,  there  is  a 
n  n=l 

positive  integer  N  so  that  for  n  '---   N,  <p  (y  )  n  i|;(V)  is  not  empty.   So  for 

each  n  >  N  let  x   be  some  point  of  \li(y    )  n  i|)(V).   Since,  for  n  >  N, 
n  n 

\b      (x  )  e  Y   and  {y  }   -,  converges  to  P,  {fy      (x  ) }   ,.  is  a  sequence  of 
n     n       n  n=l  n   n=N 

points  from  V  which  converges  to  P;  hence  P  must  be  in  V.   Since  P  must 
also  be  in  9W  because  the  impression  of  a  prime  end  of  W  is  contained  in 
9W,  and  since  V  u  9W  =  {Q},  P  =  Q.   That  is,  the  only  principal  point  of 


any  prime  end  P  (w)  of  W  with  w  in  \\>  (V)  n  T  is  Q.   Now  if  C  =  i|i   {r-w:  r  <  1} 

then  C  \  C  is  the  set  of  principal  points  of  P(w)  so  that  for  each 
-1 


w  e    tJj(V)  n  T,  lim  j|>  '(r-w)  exists  and  is  equal  to  Q.   By  Fatou's  theorem 
r>l 

on  radial  limits  [16]  for  any  number  a  the  measure  of 

{w  e  T:  lim  iji   (r-w)  =  a}  is  0;  thus,  in  particular,  the  measure  of 
r+l~ 

-1 


{w  e  ii(V)    n  T:  lim  i>      (r-w)  =  Q}  is  0.   So  iKV)  n  T  is  an  arc  on  T  whose 
r->l 

measure  0;  therefore  it  consists  of  a  single  point;  call  this  point  w  . 

'  or  Q 

So  Q  is  the  sole  principal  point  of  the  prime  end  P (w  )  of  W. 

Next  we  will  use  this  prime  end  of  W  to  construct  two  prime  ends  of 

0,  each  of  which  will  have  Q  as  its  only  principal  point.   The  points  in 

90  which  are  accessible  from  0  are  dense  in  90,  so  there  are  points  z 

and  z   in  9W  \  {Q}  and  9V  u  \  {Q}  respectively  which  are  accessible  from 

0.   So  there  are  points  z'  and  z'  in  0  and  open  arcs  L   and  L   in  0, 

whose  closures  are  arcs,  from  z'  to  z   and  z   to  z'  respectively.   Since 

0  is  arcwise  connected, there  is  some  arc  L   from  z'  to  z'  in  0.   Now 

there  is  a  subset  L  of  L   u  L   u  L  which  is  crosscut  of  0  from  z^  to  z„. 

Let  <()  be  a  conformal  mapping  of  0  onto  U.   Now  <fi(L)  is  a  crosscut  of  U, 

so  U  \  (J)(L)  has  exactly  two  components;  hence  0  \  L  has  exactly  two 

components,  say  0n  and  0„.   Let  {r.}.  ,  be  a  sequence  of  positive 
K  1       2         l  i=l 
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Figure  6.   The  map  <j>  from  0  onto  U. 


numbers  so  that  the  following  conditions  are  met: 


(1)   r.  <  d(w,iKU), 


(2)   r 


i+1 


<  r  .  , 


(3)   lim   r.  =  0,  and 


-1 


r.})  approaches  0  as  i 


(4)   the  arclength  of  \\>      ({z  e  U: 

j. 

goes  to  °°. 
For  each  positive  integer  i  each  of  {z  e  U:  |z  -  w|  =  r.}  n  ip (0  )  and 
{z  e   U:  |z  -  w|  =  r.}  n  ijj(0„)  is  the  union  of  at  most  countably  many  dis- 
joint open  arcs  each  of  which  is  a  component  and  each  of  which  has  at 
most  one  endpoint  on  T.   For  each  i  let  a.  be  that  open  arc  of 
{z:  |z-w|  =r.}n  i|j(0  )  which  has  one  endpoint  on  T  and  let  3.  be  that 

open  arc  of  {z:  |z  -  wl  =  r  }  n  iH0„)  which  has  one  endpoint  on  T.   Now 

'     l       I 

each  of  {^   (a.)}    and  {tjj   (3.)}._,  is  a  chain  of  crosscuts  of  0  which 
belongs  to  some  prime  end  of  0.   In  fact  each  of  these  chains  converges 
to  Q  since  (ijj   {z  e  U:  |z  -  w|  =  r.}},_   does  (since  Q  is  the  only 
principal  point).   Also,  the  chains  {ijj   (cOK^-,  and  {i|j   (£_.  )}<=1  belong 


i   i=l 


i'  i=l 


to  different  prime  ends  of  0  since  all  the  crosscuts  \p      (a.)  belong  to 
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0   and  all  the  crosscuts  i>      (P.)  belong  to  0  .   Let  v  and  t  be  the  two 

points  on  T  so  that  P(v)  and  P(t)  are  the  prime  ends  of  0  to  which 

{i>      (a.)}.,  and  [\\>      (p. )}._,  belong  respectively.   (The  points  of  T  and 

the  prime  ends  of  0  correspond  via  the  conformal  map  <\>.) 

Suppose  P  is  a  principal  point  in  the  impression  of  P(v),  then  there 

is  a  chain  of  crosscuts  {y  }   ,  of  0  which  belongs  to  P(v)  and  converges 

n  n=l 

to  P.   If  {y  }   -,  converges  to  P,  then  the  set  of  endpoints  of  the  arcs 
n  n=l 

Y   has  P  as  its  only  limit  point.   Suppose  that  for  all  but  finitely 
n 

many   positive  integers  n,  y   does  not  have  one  endpoint  in  SW  and  the 

other  in  8V,  that  is,  that  there  is  a  positive  integer  N  so  that  either 

for  all  n  >  N  both  endpoints  of  y     are  in  9W  or  else  for  all  n  e  N  both 

endpoints  of  y   are  in  9V.   In  the  first  case,  {y    }   „  is  a  chain"of 
K         'n  n  n=N 

crosscuts  of  W  so  belongs  to  some  prime  end  of  W  also.   Let  M  be  a 
positive  integer  so  that  M  >  N  and  for  all  n  >  M  the  domain  D   cor- 
responding to  y      does  not  contain  V  (considering  {y    }     as  a  chain  of 
p     e     n  n  n=N 

crosscuts  of  W) .   If  D„  is  the  domain  corresponding  to  y      considering 
M  M 

{y  )   w  as  a  chain  of  crosscuts  of  0,  then  D.,  is  also  the  domain  cor- 
n  n=M  M 

responding  to  y.,  considering  {y  }   ..  as  a  chain  of  crosscuts  of  W.   Thus 

f  o  i  ft  °   ' n  n=M 

D   c  (0  u  y„  u  9W) .   Since  {ti      (a.)}.  ,  and  {y    }   .,  belong  to  the  same 
M         M  l   i=l       n  n=M 

prime  end  of  0, there  is  a  positive  integer  I  so  that  for  i  >  I 

t)T  (a  )  c  D  ;  but  each  crosscut  \\>      (a.)  has  one  endpoint  in  9V  \  Q,  a 

i     M  l 

contradiction  since  D   n(8V  \  Q)=  <j> .   In  the  second  case  an  analogous 

CO  Q 

argument  using  the  fact  that  {y  }   ^  also  belongs  to  a  prime  end  of  V 
°  °  n  n=N 

leads  to  a  contradiction.   Hence  there  is  an  infinite  sequence  J  of 

positive  integers  so  that  [y    }  is  a  chain  of  crosscuts  each  of 

n  n  e  J 

which  has  one  endpoint  on  3V  and  the  other  on  3W.   Since  {y    }  con- 

n  n  £  J 

verges  to  P,  P  <:    3V  n  3W  =  {Q}  so  that  P  =  0.   That  is,  Q  is  the  only 
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prinripal  point  in  the  prime  end  of  0  determined  by  {ij;   (a.)}._  .   By 
the  same  argument,  Q  is  the  only  principal  point  in  the  prime  end  of  0 
determined  by  {\\i      (0. )}._,. 


Figure  7.   Chains  belonging  to  the  two  prime  ends. 


Now  let  t,   be  the  union  of  the  open  line  segment  £   from  the  origin 
to  v,  the  open  line  segment  E,      from  t  to  the  origin,  and  the  origin. 
Since  Q  is  the  only  principal  point  of  each  P(v)  and  P(x)  ,  <f   (?.)  is 
an  endcut  of  0  to  0  and  (j>   (£„)  is  an  endcut  of  0  to  Q.   So  <J>   (£)  is  a 
crosscut  of  0  and  $       (O  U  {Q}  is  a  simple  closed  curve  in  0  U  {Q}.   Let 

0  =  f    (?)  u  {Q}.   It  remains  to  show  that  V  c  (intG  u  {Q}).   Let 

2 
6:  [0,1]  ->  E  be  a  parametrization  of  9  which  is  one-to-one  except  that 


9(0)  =  0(1)  =  Q  and  so  that  9([0,%j)  =  <|>   (£  )  and  6([%,1])  =  *  (K2)  ■ 

There  is  a  number  r  and  a  sequence  of  numbers  (t.l.  .  so  that  the 

^  l  i=l 

following  hold: 


(1)  0  <  t.+1  <  t.  <  r, 

(2)  0(t.)  e  \f    (a.),  and 
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(3)   9((0,t.)j  r  D.  where  D.  is  the  domain  corresponding  to 
*"1(ai). 
And  there  is  a  sequence  of  numbers  {s.}._   so  that  the  following  hold: 

(1)  r  <  s.  <  s.+1  <  1, 

(2)  8(s.)  e  (Jj-1(6.),  and 

(3)  ef(s  ,1)1  <=  E.  where  E.  is  the  domain  corresponding  to 

k   l   '  i        l 

These  sequences  exist  since  8([0,r])  is  an  endcut  of  0  which  converges 
to  the  prime  end  P(v)  and  6([r,l])  is  an  endcut  of  0  which  converges  to 
the  prime  end  P(t).   Let  A.  be  that  subarc  of  T  \  (a.  u  3.)  which  con- 
tains  w  .   Since  \h  (9[  t .  ,s  .  ])  is  a  simple  arc  in  U,  i)>(6[  t .  ,s  .  ])  n  a. 

O  11  111 

contains  t|«(9(t.))  and  i(/(9[  t .  ,s  .  ])  n  8.  contains  ^(9(s.)), 
i  ill  l 

C  =  tK9[t  ,s  ])  u  a.  u  8   u  A   is  a  closed  curve  in  U  U  T.   There  is 
iii      ill 

a  simple  arc  C.  from  a .  n  T  to  g .  n  T  in  C . ,  so  that  C.  u  A.  is  a  simple 
r        l       l         l         l  ii 

closed  curve  in  U  u  T;  let  6.  =  (C.  u  A.)  u  int(C.  u  A.).   Now, 


i(V)  \  {w  }  does  not  intersect  C.  u  A.  and  w  e    A.  is  a  limit  point  of 


ijj(V);  hence  <KV)\(w„}  must  lie  in  int3.  (using  the  Jordan  curve  theorem). 

Since  tp((6  u  int8)  \  {Q})  u{w„}  =  p)  3 . , 

i=l  X 

iMV)  \  {w  }  <=  ij;(8  u  int9  \  {Q})  u  (w  }  so  that  V  c  6  u  int9  and  since 
o  o 

8  c  0  u  {Ql,  V  c  inte  u  {Q}.    □ 

LEMMA  2.6.  Suppose  g  has  exactly  one  fixed  point  F  in  A.  If  no 
(5-chain  terminates,  then  there  is  a  simple  closed  curve  8  in  intA  with 
r  =  1  in  its  interior  and  g(9)  c  into  u  F  (so  that  the  annulus  bounded 
by  r  =  1  and  8  is  mapped  onto  a  proper  subset  of  itself). 

PROOF.   Construct  the  set  S  as  in  lemma  2.3.   Let  P  be  a  point  in 
3S  which  is  not  F;  in  this  case  6(g(P))  >  0.   There  is  a  positive  number 

<  6<3(p>>  so  that  if  d(g(P),g(Q))  <  £,  then  6(g(Q))  >  j   6(g(P)). 

14  l  °> 
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There  is  a  positive  number  e   so  that  if  d(P,Q)  <  e„  then  d(g(P),g(Q)  <  r^. 

Since  P  is  a  limit  point  of  M, there  is  a  point  Q  in  M  so  that 

3 
d(P,Q)  <  e„.   Thus  for  this  Q,  d(g(Q))  ^  ^  6(g(P)).   Also,  there  is  a 

positive  integer  n  so  that  Q  e  M  ,  hence  g(Q)  e  M    .   Since  no  6-chain 
terminates  N(g(Q),  <5(g(Q))]  n  {(r,6):  r  >  1}  c  Mn+1  c  A.  Since 
d(g(P),g(Q))  <  5(|(P))and  6(g(Q))  >  |  6(g(P)), 

N(g(P),  6(8^P)-)  c  N(g(Q),  6(g(Q))),  hence  g(P)  e  intS.   Therefore, 
g(9S)  c  S  u  {F}. 

Now  consider  the  sets  W  =  {(r,6):  0  <  r  <  1}  u  S  and 
V  =  {(r,9):  0  <  r  <  1}  u  g(S).   If  8S  contains  the  point  F,  then  the 
hypotheses  of  lemma  2.5  are  satisfied  where  the  point  Q  is  F.   So  there 
is  a  simple  closed  curve  6  in  (W  \  V)  u  {F}  which  has  V  \  {F}  in  its 
interior.   Therefore  6  c  (S  \  g(S))  U  {F},  and  g(6)  c  (g(S)  u  {F})  so 
that  g(6)  c  inte  u  {F}  c  inte  u  6.   If  F  k  3 S, then  a  simple  closed  curve 
0  with  the  required  properties  can  be  constructed  by  the  method  used  in 
lemma  2.4.   Q 

Putting  lemmas  2.4  and  2.6  together  we  immediately  have  the  follow- 
ing proposition. 

PROPOSITION  2.7.   Let  g  be  a  twist  homeomorphism  of  the  annulus  A 
onto   g(A)   with  at  most  one  fixed  point.   If  there  is  no  simple  closed 
curve  6  in  intA  with  r  =  1  in  its  interior  and  with  g(9)  <=  6  U  int0, 
then  there  is  a  terminating  6-chain. 

Since  it  was  assumed  in  the  first  section  that  g  has  at  most  one 
fixed  point  and  that  no  such  simple  closed  curve  6  exists,  there  must 
exist  some  terminating  5-chain.   Hence  there  is  such  a  6-chain  of  minimal 
length,  so  let  P  ,  P  ,  .  .  .  ,  Pv,-,.  p^  be  a  terminating  6-chain  of 
minimal  length.   If  P'  =  g(P   , ),  then  let  P  =  P'    Otherwise,  let 
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uip{a:    N(g(P        ),a)    n   y   =   $} ,    so    that    e    <    6(g(P      ^J,    anc 


N(g(P        ),e)    n   y   +   4»   since   N^P^),    6(g(PN_1))J    n   Y   ±   <}>  ■      Let 


P„  e  N(g(P    ),e)  n  y,  then  P  ,  P^  .  .  .  ,  Pj^,  PN  is  also  a  terminating 

6-chain  of  minimal  length.   For  each  i,  0  <  i  <  N-l,  there  is  some  point 

V.  so  that  P.  M  =  g(P.)  +  V.  and   II V.  II  <  6(g(P.))  ;  let  6.  =  ||v.  ||  . 
i         i+I      i     i      "  i "        i         i    '  i  ' 

By  minimality,   the  points  P.,  P,  ,  .  .  .  ,  P„  1  and  P„7  are  distinct,  so 
3  0    1  N-l      N 

the  points  g(PQ),  g(P-,),  .  .  .  ,  g(P   )  and  g(pN_i)  must  also  be  distinct 

and  g(P.)  may  be  P.  only  if  j  =  i  +  1.   Further,  if  i  >  j,then  P    is 

not  in  N(g(P.),6(g(P.)))  since  then  P    .  .  .  ,  P.,  P.+1>  •  •  ■  '  PN 

would  be  a  terminating  6-chain,  contradicting  the  minimality  of  the 

original.   If  i  <  N-l  then  N(g(P. ) ,6 (g(P. ) ))  does  not  intersect  y,    since 

if  it  did,  P_,  P  ,  .  .  .  P.,  P'    would  be  a  terminating  6-chain  for  any 
0   1         i   i+1 

point  P'.    in  N  (g(P  . )  ,  5  (g(P  . ) ))  n  y,    again  contradicting  the  minimality 

of  P„,  P,,  .  .  .  ,  P„.   So  if  i  <  N-l,  since 
0   1  N 

F(g(P.),6j  c  N(g(P.),6(g(P.)))  ,  N(g(P.)  ~&7)    does  not  intersect  y.      If 
i  =  N-l,  then  we  have  N(g(P.),5.)  does  not  intersect  y  (unless  6 .  =  0) 


i-  i-  '  0'   1'  '  '  *  '   N 

will  denote  a  terminating  6-chain  with  these  minimality  properties. 

If  g  is  a  twist  homeomorphism  of  the  annulus  A  onto  g(A)  with  at 
most  one  fixed  point, then  g  is  a  twist  homeomorphism  of  g(A)  onto  A. 
For  g  an  appropriate  function  6  can  be  chosen  and  the  same  sequence  of 
arguments  shows  that  if  there  is  no  simple  closed  curve  6  in  int(g(A)) 
with  r  =  1  in  its  interior  and  g  (0)  c  intO  u  9,  then  there  is  a  ter- 
minating 6-chain  for  g  .  And  so  a  terminating  6-chain  for  g  can  be 
found  with  the  minimality  properties  described  above. 
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The  Auxiliary  Homeomorphism  T 

Using  the  minimality  properties  of  the  6-chain  P  ,  P  ,  .  .  .  ,  P 
discussed  at  the  end  of  the  last  section,  a  homeomorphism  T  will  now  be 
constructed  so  that  T(g(P  ))  =  P.    for  0  <  i  <  N-l ,  so  that  T>g  has 
exactly  the  same  fixed  points  as  g  and  so  that  T-g  is  homotopic  to  g. 
A  sequence  of  technical  lemmas  is  necessary  for  the  construction  of  T. 
Then,  since  we  want  to  do  all  the  index  computations  in  the  Cartesian 
plane,  we  lift  the  homotopy  between  T-g  and  g  to  a  homotopy  between  a 
certain  lift  of  T»g  and  h. 

LEMMA  2.8.   There  is  a  collection  of  polygonal  arcs  a.,  for 
1  <  i  <  N,  with  the  following  properties: 

(1)  a  (0)  =  g(Pi_1)  and  a.(l)  =  P± , 

(2)  a.  c  intA  u  {g(PQ),PN}, 

(3)  a.  c  N(g(P   ),6    )  u  {P.},  and 

(4)  a.  n  a.  =  $   if  i  4   j  . 

i    3 

PROOF.   For  1  <  k  <  N,  the  collection  of  arcs  A,  =  {a(i,k):  1  <  i  <  k} 

k 

will  be  called  a  set  of  connecting  arcs  for  the  subchain  P  ,  P  ,  .  .  -P. 

of  P  ,  P  .....  P   if  the  arcs  a(i,k)  satisfy  the  following  conditions: 
0   1  N 

(i)  ct(i,k)  is  a  simple  polygonal  arc  from  g(P._-,)  to  P .  , 

(ii)  a(i,k)  c  intA  u  {g(PQ),PN}, 

(iii)  a(i,k)   c  N(g(P  1),6._1)  u  {P.}, 

(iv)  a(i,k)  n  a(j,k)  =  <(>  if  i  4   j  .  and 

(v)  a(i,k)  does  not  contain  any  g(P„)  or  P     with  k  <  £  <  N. 

The  proof  proceeds  by  induction.   By  minimality  P   must  be  in  r  >  1.   Let 

a(l,l)  be  a  polygonal  arc  from  g(PQ)  to  P   in 

(intA  u  {g(P  )})  n  (N(g(P  ),6  )  u  {P^)  which  misses  every  point  g(P?)  or 

P    with  1  <  £  <  N.   Let  A,  =  {a(l,l)},  then  A1  is  a  set  of  connecting 
£+1  1  1 
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arcs  for  the  subchain  P  ,  P  .   Suppose  a  set  A   of  connecting  arcs  for 

the  subchain  P„,  P,  ,  .  .  .  ,  P,  with  k  <  N  has  been  constructed.   Now  we 
0   1  k 

will  construct  a  set  A  ,,  of  connecting  arcs  for  P  ,  P  ,  .  .  .  ,  P    . 
k+1  U   1  k+1 

If  P   ,  =  g(P,  )  then  for  each  j  <  k  let  ct(j  ,k+l)  =  a(j,k)  and  let 
k+1      k 

2 
a  (k+1,  k+1):  [0,1]  ->  E   be  the  constant  map  a  (k+1  ,k+l)  (t)  =  P.,,.   Now 

A,  .  =  (a(j,k+l):  1  <  j  <  k+1}  is  a  set  of  connecting  arcs  for  P„,  P  , 

.  .  . ,  P,  ,  and  we  are  done.   So  suppose  g(P,  )  ^  P,  , ,  .   Now  let 
k+1  k     k+1 

D  =  N(g(P  ),6  )  n  A.   Since  D  c  N(g(Pfc) ,6 (g(Pfc))  and  N(g(Pk),  6 (g(Pk) )) nY=4 
since  the  6-chain  is  minimal,  D  does  not  intersect  y   as  long  as  k  <  N, 
and  if  k+1  <  N  then  D  does  not  intersect  y.      Note  that  D  may  be  the  in- 
terior of  a  disk  or  D  may  be  the  intersection  of  the  interior  of  a  disk 

with  r  >  1.   Since  each  a(i,k),  1  <  i  s  k,  is  polygonal  and  sincethe  arcs 

k 
a(i,k),  1  <  i  i   k,  are  disjoint ,  {{_)   a(i ,k)J n  D  is  the  union  of  at  most 

i=l  _       _ 

finitely  many  disjoint  polygonal  arcs  3  so  that  3  \  3  c  D  \  D,  where  each 

arc  3  is  a  component  and  may  be  open,  half-open  or  closed.   Let  B  be  the 

collection  of  all  such  arcs.   Note  that  if  3  e  B, then  3  does  not  contain 

P,  ,  or  g(P, ).   Let  B,  be  the  collection  of  all  arcs  in  B  which  do  not 
k+1       k         1 

separate  P,  , ,  from  g(P,  )  in  D  u  {P.  ,n}  and  let  B„  be  the  collection  of 
r        k+1         k  k+1  I 

all  arcs  in  B  which  do  separate  P,  M  from  g(P.  ).   Now  since  there  are 

k+1         k. 

only  finitely  many  arcs  in  B   u  B  ,  and  none  of  them  contain  either  of 

g(P  )  or  P    ,  there  is  a  simple  polygonal  arc  a ,,-,'•    [0,1]  ->  intD  u  {P  ] 

so  that  a,  , ,  (0)  =  g(P.  ),  a,  , ,  (1)  =  P,  , .  ,  a.  ,1  does  not  intersect  any  arc 
k+1         k    k+1       k+i    k+1 

in  B  or  contain  any  of  the  points  g(P.)  or  P    for  k+1  <  I   <   N,  and, 

moreover,  for  each  3  e  B_,  a,  , n  intersects  3  in  exactly  one  point.   For 
I        k+1 

each  arc  3  in  B   there  is  exactly  one  integer  j  <  k  so  that  3  is  a 
subarc  of  a(j,k).   Next  we  are  going  to  replace  each  arc  3  in  B^   by  a 
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k+1 


Figure  8.   The  set  D. 


new  arc  $'  which  does  not  intersect  a,  , ,.  and  which  is  contained  in 

k+1 


N(g(P.  J, 6.   )  u  {P.}  . 


First,  if  g  c   B   then  the  component  of  D  \  0  which  contains  g(P,  ) 
is  a  subset  of  N(g(P.   ),5.   )  if  g  is  a  subarc  of  a(j,k).   The  argument 
for  this  which  follows  uses  the  minimality  of  the  <5-chain  P  ,  P  ,  .  .  .  ,  P 
and  the  geometry  of  the  sets  N(g(P.),6.)  n  A.   Since  6  separates  g(P.  ) 
from  P    ,  6  has  exactly  two  endpoints  on  the  boundary  of  D,  both  of  which 
are  in  r  >  1  if  j  4    1  and  at  least  one  of  which  is  in  r  >  1  if  j  =  1 . 


Since  8  <=■   N(g(P._  ),6    )  n  A,  N(g(P    ),6    )  n  A  intersects  the  part  of 
J     J  J     J 

the  boundary  of  D  which  lies  in  r  >  1  in  at  least  two  points  if  j  >  1  and 


in  at  least  one  point  if  i  =  1.   Since  P.  , ,  ^1  N(e(P.  ,),S.  .,  )  by  mini- 

k+1  j-l        J-l 


mality,    and   P  e    D,    D  ^  N(g (P ._    ) , 6 .      )    n   A.       If    N(g(P        ),6._    )    n  A 

k+1  jljl  jljl 

is  a  subset  of  D,  then  there  are  three  possible  types  of  configurations 

since  N(g(P.),<5.)  lies  in  inty  for  all  i  <  N:  Either:  (1)  Both  D  and 


N(g(P    ),S    )  n  A  are  disks,  that  is,   D  n  {(r,8):  r  =  1}  =  $  and 
N(g(P    )  ,6._  )  n  {(r,0):  r  =  1}  =  4>;  (2)  both  D  and  N(g(P ._  )  ,6 ._-.)    n  A 
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Figure  9.   The  three  possible  types  of  configurations. 


are  "truncated  disks,"   that  is,  D  n  {(r,6):  r  =  1 }  £   <j>  and 
N(g(P._1),6._1)  n  {(r,G):  r  =  1}  +   cf> ;  or  (3)  N(g(P  j_1)t«  *{>    n  A  is  a 
disk  and  D  is  a  "truncated  disk."   If  one  disk  lies  in  another  (case  1) , 
then  the  boundary  of  the  first  intersects  the  boundary  of  the  second  in 
one,  none,  or  all  of  its  points.   If  the  configuration  of  D  and 


N(g(P.  .),&.    -.)    n  A  is  of  this  type,  then  j  >  1  so  that  N(g(P    ),6    )  n  A 

J~tJ-L  J   -*-      J   -*- 

has  at  least  two  points  in  r  >  1  in  common  with  the  boundary  of  D,  but 


N(g(P.   ),5  .  )  n  A  does  not  contain  all  of  the  boundary  of  D,  a  contra- 
diction.  If  a  "truncated  disk"  lies  in  a  "truncated  disk"  (case  2),  then 
the  boundary  of  the  first  intersects  the  boundary  of  the  second  in  one, 
none,  or  all  points  of  the  boundary  of  the  second  which  lie  in  r  >  1 .   If 


N(g(P   )5   )n  A  intersects  the  boundary  of  D  in  exactly  one  point  in 
j-l  j'"1 

r  >  1, then  j  =  1  and  6  is  a  subarc  of  a(l,k)  which  contains  g(P_).   But 
N(g(Pn),  6  )  n  A  is  a  "truncated  disk"  with  its  center  on  r  =  1,  while 
D  is  a  "truncated  disk"  with  its  center  in  r  >  1 ,  so  that  it  is  not 
possible  for  the  boundaries  of  the  two  to  have  exactly  one  point  in  common  in 
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r  •>    1  .       So  N(g(P  ),5  )  n  A  must:  intersect  the  boundary  of  D  in  r  >  1  in 
I   .1 

none  or  all  of  its  points,  again  a  contradiction.   If  a  disk  lies  in  a 
truncated  disk  (case  3),  the  first  intersects  that  part  of  the  boundary 
of  the  second  which  lies  in  r  >  1  in  one  or  no  points.   Since  j  >  1, 


N(g(P.   ),S.   )  n  A  contains  at  least  two  points  which  lie  in  the  boundary 
of  D  in  r  >  1,  but  does  not  contain  all  of  the  boundary  of  D  in  r  >  1; 


th 


is  configuration  is  also  impossible.   Hence  N(g(P    ),6    )  n  A  is  not 

a  subset  of  D.   Thus,  so  far  we  have  shown  that  D  ^.  N(g(P ._  )  ,  <5  ._  )  n  A 

and  N(g(P ._-.),  6 ._.  )  n  A  ^  D  for  any  j  so  that  ct(j,k)  contains  a  subarc 

which  belongs  to  B  .   So  the  boundary  of  N(g(P.   ),5    )  n  A  intersects 

intD  in  an  open  circular  arc  C.  which  does  not  intersect  3,  although  8 

J 

may  contain  P   , ,  in  which  case  P.,.  must  be  on  the  boundary  of  D. since 
j+1  j+1 

8  separates  D,  and  in  this  case  C.  would  intersect   8.   So  intD  \  C.  has 
two  components  each  of  which  is  bounded  by  a  simple  closed  curve  con- 
sisting of  the  union  of  either  two  or  three  circular  arcs.   One  of  these 
two  components,  namely  N(g (P ._  ) , 6 ._  )  n  intD,  contains  6  (except  for 
the  point  g(Pn)  if  j  =  1) .   If  g(pk)  were  in  the  closure  of  the  other 
component  of  intD  \  C.,  then  it  would  not  be  separated  from  P     by  6  so 
g(P  )  must  be  in  N(g (P .   ) , 5 . _  )  n  intD.   So  the  component  of  D  \  8  which 
contains  g(P.  )  is  a  subset  of  N(g(P ._-) , 6    ) . 

Now  let  J  =  {j  S  k:  there  is  some  8  e  B  which  is  a  subarc  of 
a(j,k)}.   There  is  a  positive  number  e  so  that: 

(1)  N(g(Pk),2e)  c  N(g(P._1),6   )  for  all  j  e  J, 

(2)  r.  <  h   min{d(a    ,B):  8  e  B  },  and 

(3)  e  <  h   min{d(ak+1,g(P{)):  k+1  <  £  <  N}. 

(Note  that  by  minimality  P   Is  D  if  k+1  <  I   <   N.)   Since  each  of  the  arcs 
8  in  B   separates  P     from  g(P,)  and  each  intersects  the  arc  a^+1    from 
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g(P, )  to  P,  ,  onlv  once  there  is  a  sequence  of  numbers 
k      k-l  1 

0  <  t   <  t„  <  •*•  <  t   <  1  so  that  for  each  i,  1  <  i  <  p,  a.  ,.  (t  )  e  B 
1     2  p  K.+1   1 

for  exactly  one  3  in  B  .   Label  the  arcs  in  B   by  requiring 

a    (t  )  e  6  .   Note  that  for  each  i,  1  <  i  <  p,  6.  separates  8.  , 
k+1   i     l  i  1-i 

from  S    •   There  is  a  polygonal  simple  closed  curve  \p   which  lies  in 
i+1 

N(a    ([0,t  ]),e)  n  intD  which  contains  a.  ,.,([0,t  ])  in  its  interior  and 
k+1  "    p  k+1     p 

which  intersects  each  arc  3  in  B   exactly  twice.   Now  let  r.  and  si  be 
the  two  points  in  6.  n  i|>,  1  <  i  <  p.   The  component  0  of  intD  \  (3-^  u  \j0 

3-1   J-l 

has  6   a  subset  of  a(j,k).   There  is  a  simple  polygonal  arc  x   from  r   to 

s   in  0   \  a,  _ .   Let  3'  be  the  arc  which  is  obtained  by  replacing  the 
1     1    k+1        1 


which  contains  g(P.)  is  a  subset  of  N(g(P^ _1),6^_1)  for  that  j  e  J  which 


suba 


re  of  3   from  r   to  s   by  t1 .   Let  ty     be  the  union  of  t   with-that 

part  of  iJj  which  is  not  in  the  boundary  of  0  .   Note  that  3'  lies  in 

N(r(P   , ),6    ),  and  does  not  intersect  .V.a(i,k)  nor  any  of  the  points 
j-l   j-l  xfj         ' 

g(P  ),  P    for  1+k  <  I   <   N,  by  choice  of  E.   Now,  the  component  0   of 

intD  \  (3   U  i>    )    which  contains  g(P.)  lies  in  N(g(P    )6    )  for  that 

j  e  J  which  has  B?  a  subarc  of  a(j,k).   There  is  a  simple  polygonal  arc 

t   from  r0  to  s^  in  0,  \  a.  , .   Let  Bl  be  the  arc  which  is  obtained  from 
2        2      2      2     k+1         I 

3   by  replacing  the  subarc  from  r„  to  s   by  8'   and  let  \\>     be  the  union 

of  x„  with  that  part  of  \\i      which  is  not  part  of  the  boundary  of  0  . 

Proceeding  by  induction  we  produce  new  polygonal  arcs  8|,  .  .  .3'  which 

do  not  intersect  a,   .   Let  a(j,k+l)  be  the  polygonal  arc  obtained  from 

a(j,k)  by  replacing  every  B.  e  B  which  is  a  subarc  of  a(j,k)  (if  any)  by 

3'.   The  resulting  simple  polygonal  arcs  a(j,k+l),  1  <  j  <  k  have  all  the 
i 

properties  that  the  arcs  a(j,k)  had  and  in  addition  have  the  property 

that  a    n  a(j,k+l)  =  <j>  for  1  <  j  <  k.   So  let  a(k+l,k+l)  =  ak+1? 

then  A    =  {a(j,k+l):  1  <  j  <  k+1}  is  a  set  of  connecting  arcs  for  the 
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subchain  P  ,  P 


\  ,  ,  .   Hence  there  is  a  collection  A  of  con- 

k+1  N 


necting  arcs  for  P  ,  P  ,  .  .  .  P  ;  letting  a.  =  a(i,N)  for  1  <  i  <  N 

produces  the  required  polygonal  arcs.    D 

2 
LEMMA  2.9.   If  a  is  a  simple  closed  curve  in  E  and  if  p  and  q  are 

two  points  in  inta, then  there  is  a  homeomorphism  T:  inta  -*-+   inta  and  a 

homotopy  I:  [0,1]  x  inta  ->->  inta  which  have  the  following  properties: 

(1)  T(p)  =  q  and  T(w)  =  w  for  all  w  in  a, 

(2)  1(1, z)  =  T(z)  for  all  z  in  inta  and  1(0, z)  =  z  for  all  z  in 
inta, 

(3)  l(t,w)  =  w  for  all  (t,w)  in  [0,1]  *  a,  and 

(A)   I   is  a  homeomorphism  of  inta  onto  inta  for  each  t  e  [0,1]. 

PROOF.   There  is  a  homeomorphism  <j>  from  inta  onto  the  rectangle  in 

2 
E  with  vertices  (-1,-1),  (-1,1),  (1,1),  and  (1,-1),  which  maps  p  onto 

(0,-%)  and  q  onto  (0,*s).   Now  let  T  1 (y)  =  y,  T  (y)  =  y,  and 


x0(y) 


3y  +  2    if  -1  <  y 


—  v  +  -   if  -  —  <  y  <  1. 
3  y   3      2  y 


If  -1  <  x  <  0, then  there  is  a  X  with  0  <  A  <  1  so  that 

x  =  A-0  +  (1  -  A)(-l);  so  let  t  (y)  =  ^Q(y)  +  (1  -  A)x_1(y).   If 

0  <  x  <  l.then  there  is  a  A  with  0  <  A  <  1  so  that  x  =  A-l  +  (1  -  A)-0; 

so  let  t  (y)  =  At, (y)  +  (1  -  A)  Tn(y).   Now  let  x(x,y)  =  (x,x  (y));then 
x        1  0  x 

t  is  a  homeomorphism  of  the  rectangle  onto  itself,  and  $(t,(x,y))  = 
$  (x,y)  =  (x,y)  +  t(0,T  (y)-y)  is  a  homotopy  with  <I>(0,(x,y))  =  (x,y),and 
$(l,(x,y))  =  t(x,v).   So  let  T  =  <f>  x$   and  let  I   =  4>   $  *  for  each 
t  e  [0,1];  then  T  and  I  have  the  required  properties.    Q 
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LEMMA  2.\0.      There  is  a  collection  of  disjoint  closed  (topological) 

disks,  D  ,  1  <  i  <  N,  so  that  for  the  arcs  a.  constructed  in  lemma  2.8  the 
J  J 

following  hold: 

(1)  a-.\   {g(PQ)}  c  intD^^  c  D~  c  N(g(PQ) ,  6  (g(PQ) ) )  n  A  where  the  disk 
D  has  exactly  one  subarc  of  r  =  1  as  part  of  its  boundary  and 
g(P  )  is  not  an  endpoint  of  that  subarc, 

(2)  a.  c  intD.  c  dT  <=  N  (g(P    ) , 6 (g(P    ) ))  n  intA  for  1  <  j  <  N, 
and 

(3)  aN  c  intDN  c  iT  c  N  (gCP^)  ,  5  (g  (P^) ) )  . 
PROOF.   Let  e  be  a  positive  number  less  than  each  of 

h   min{d(a.,a.):  i  ±   j},  h   min{d (a . , { (r , 6) :  r  =  1}):  1  <  i  <  N} ,  and 

^  min{d(a  ,y) :    1  <  i  <  N}.   For  1  <  j  <  N  there  is  a  closed  topological 
i 

disk  D.  so  that  a.  c  intD.  c  D.  c  N(a.,c)  n  N(g(P.   ),6(g(P.  ,))).  Points 
z   and  z   on  r  =  1  can  be  found  so  that  the  interval  [z  ,g(P„),z„]c   of 
r  =  1  is  contained  in  N(«  ,e)  n  N(g(P  ),   6g(P  )).     There  is  a  simple 
polygonal  arc  from  z   to  z   in  N(a  ,e)  n  N(g(P  ) , 6  (g(P  ) ))   n  intA  which 
does  not  intersect  a  .   If  6  is  the  union  of  these  two  arcs,  then 


a      \    {g(P  )}  c  intB  so  that  D  =  intB  U  B  =  intg  is  a  disk  which  has  the 
properties  required  in  (1).   The  disks  D.,  1  <  j  <  N,  are  disjoint  by 
the  first  condition  on  e .    D 

LEMMA  2.11.   There  is  a  positive  number  n  so  that  the  following 
hold: 

(1)  the  half-open  annulus  1  <  r  <  1  +  n  intersects  exactly  one 
segment  of  the  polygonal  arc  a   and  exactly  two  segments  of 
the  polygonal  curve  3D   n  intA, 

(2)  n  <  h   min{d({(r,6):  r  =  1},D.):  2  <  j  <  N} , 

(3)  n  <  h   d(g(PQ),3D1  n  intA), 

(4)  n  <  h   min{6(P):  P  is  on  r  =  1 } , 
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(5)  d(P,g~  (P))  >  2r,  for  all  P  in  the  annulus  1  <  r  <  1  +  p,  and 

(6)  d(P,h(P))  >  3n  for  all  P  in  y  <  p . 

PROOF.   Let  n,  be  a  positive  number  so  that  1  <  r  <  1  +  p   intersects 
only  one  segment  of  a   and  exactly  two  segments  of  3D   n  intA.   Since  6 
is  continuous  and  positive  on  the  compact  set  r  =  1,  there  is  a  number  e 
so  that  <5(P)  >  e  for  all  P  in  r  =  1 .   Since  6  is  continuous  on  A,  there 
is  a  positive  number  p*  less  than  each  of  e/2,  p  , 

h   min{d({(r,6):  r  =  1},  D.):  2  <  j  <  N} ,  and  h   d(g(PQ),  3D;L  n  intA)  so 
that  6(P)  >  e  for  all  P  in  the  annulus  1  <  r  <  1  +  p*.   Since  h  is 
periodic  and  fixed  point  free  on  y=0,there  is  a  positive  number  e'  so  that 
d(P,h(P))  >  e'  for  all  P  in  y=0  and  there  is  a  positive  number  p'  so  that 
if  P  is  in  y  <   p',  d(P,h(P))  >  3p'.   Now  choose  p  <  min(p',p*).   Hence, 
if  P  is  in  1  <  r  <  1  +  p,  then  6(P)  >  c    >  2p.   Since 
N(P,6(P))  n  g_1  N(P,S(P))  =  <j),  N("P,2p)  n  g_1  N(P,2p)  =  <$>    for  P  in 
l<r<l+n,  so  that  d(P,g~  (P))  >  2p.    D 

Next,  consider  D   u  {(r,9):  l-p<r<l+p}.   This  is  a  compact 

2 
subset  of  E  which  does  not  intersect  D,  for  1  <  j  <  N.   Let  z   and  z 

be  the  points  on  r  =  1  so  that  [z  ,g(P  ),z  ]c  is  3D   n  {(r,0):  r  =  1}. 

There  are  points  v   and  v  on  r  =  1  +  p  so  that 

{v  ,v  }  =  3D   n  {(r,6):  r  =  1  +  p}  and  v   is  on  the  same  segment  of 

3D   that  z   is  and  v?  is  on  the  same  segment  of  3D   as  z   is.   Now  let 

w   and  w  be  the  points  which  are  on  the  intersection  of  r  =  1  with  the 

radials   through  v   and  v  ,  respectively,  and  let  u  ,  u   be  the  points 

in  the  intersection  of  r  =  1  -  p  with  the  radials  through  v   and  v  , 

respectively.       The    segment    rw,  ,g(P„) ,w„  ]    occurs    on    r   =    1    since 
I-  J  a  102c 

p   <   h  d(g(P    ),3D      n   intA)    by  part    (3)    of    lemma   2.11.      Let    6  be    the   closed 
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Figure  10.   The  set  D 


curve  which  is  the  union  of  the  radial  segments  from  u   to  v   and  from 
u„  to  v  ,  the  interval  [u  ,u  ]c  on  r  =  1  -  n  and  3D   n  {(r,9):  r  >   1  +  n} 
The  curve  g  is  simple  since  n  satisfies  part  (1)  of  lemma  2.11  and  a   is 
a  subset  of  intg.   Finally,  let  E  =  intg  u  g,  and  let 


E=  {(r,6):  1-  n  <  r  <  1  +  n)  \  intE  .   In  the  next  two  lemmas  homeo- 
morphisms  T   and  T   and  homotopies  I   and  I,  will  be  constructed  for 


E   and  E  . 


Fie-ure  11.   The  set  E, 


T.EMMA  2.12.   There  is  a  homeomorphism 
T  :  E  ■>-»•  E   n  {(r,9):  1  <  r  <  1  +  n  1  and  a  homotopy  I  :  [0,1]  *  EQ  ->  EQ 
which  have  the  following  properties: 

(1)  T  (P)  =  P  if  P  is  in  r  =  1  +  n,  and  d(P,T  (P))  <2n  for  all  P 
in  E0, 

(2)  I  (1,P)  =  T  (P)  for  all  P  in  EQ  and  IQ(0,P)  =  P  for  all  P  in 

(3)  IQ(t,P)  =  P  for  all  (t,P)  in  [0,1]  x  {(r,0):  r  =1  +  n},  and 

(A)   I  (t,  •)  is  a  homeomorphism  of  E  into  E_  for  each  t  e  [0,1]. 

PROOF.   For  each  (r,6)  in  E  define  T  (r)  =  h   r  +  ^  +  "j,  and  let 

T„(r,G)  =  (T.(r),9).   Now  define  the  homotopy  I   by  I  (t,(r,6))  = 
0  9  U      U 

(r  +  t(x  (r)  -  r),e).   Clearly  T  and  I   have  the  required  properties.    D 

LEMMA  2.13.   There  is  a  homeomorphism  T  :  E  -*  E   n  {(r,9):  r  >  1} 
and  a  homotopy  I  :  [0,1]  x  E  ■+   E  which  have  the  following  properties: 

(i)  ^(g^))  =  ?v 

(2)  T  (P)  =  T  (P)  for  all  PinE^Ej, 

(3)  T  (P)  =  P  for  all  P  in  3E   n  {(r,9):  r  >  n  +  D, 

(4)  I  (1,P)  =  T  (P)  for  all  P  in  E   and  I  (0,P)  for  all  P  in  E^ 

(5)  I  (t,P)  =  P  for  all  P  in  dE      n  {(r,9):  r  >  1  +  n), 

(6)  1  (t,P)  =  IQ(t,P)  for  all  P  in  EQ  n  E^    and 

(7)  I-(t,  •)  is  a  homeomorphism  of  E  into  E   for  each  t  e  [0,1]. 
PROOF.   There  is  a  homeomorphism  <J>  which  maps  E  onto 

{(r,0):  1  -  n  <  r  <  1  +  3n,  6   <  9  <  6  }  where  9   and  9   are  so  that 
|e   -  9  |  <  2tt,  w   =  (1,9  )  and  w   =  (1,0  ),  and  which  has  the  additional 
properties,  (1)  $   is  the  identity  on  E   n  {(r,9):  l-n^r<l+n}  and 
(2)  <KP,)  =  (1  +  2n'G0)  where  8(P0}  =  (1'e0)-   Now  let 
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Figure  12.   The  map 


fl      n    1 

H|  r  +  f  +  ^   if  1  -  n  <  r  <  1  +  n 


(r)  =   { 


if  1  +  n  <  r  <  1  +  3n; 


and  let  t   (r)  =  x   (r) .   Now  let 


(r) 


1 


2r  +  2n  -  1    if  1  -  n  <  r  <  1 


|  r  +  |  +  2n   if  1  <  r  <  1  +  3n. 


For  0  between  0   and  9   there  is  some  X,  0  <  A  <  1  so  that 
6  =  X6,  +  (1  -  A)0„.   Let  Tn(r)  =  Atq  (r)  +  (1  -  A)x   (r).   For  0  between 
6   and  6   there  is  some  X,  0  <  X  <  1  so  that  6  =  X(0  )  +  (1  -  \)&2'      Let 
t  (r)  =  Xx   (r)  +  (1  -  A)t   (r).   Now  let  i(r,0)  =  (iQ(r),0)  and  let 

e      eQ  b1  e 

T   =  (J)   t(j).   For  each  t  e  [0,1]  let  *(t,(r,9))  =  (r  +  t  (t  (r)  -  r)  ,  e)  and 


then  let  I.(t,P) 


-1 


tj)(P).   Clearly  T   and  I   have  the  required 


properties.    LJ 

PROPOSITION  2.14.   There  is  a  homeomorphism 
T:  {(r,0):  r  >  1  -  n)  •>  {(r,0):  r  >  1}  and  a  homotopy 


-42- 


!:  10,1.1  x  {(r,e):  r  "•  1  -  n)  y   {(r,9):  r  >  1  -  n}  with  the  following 
properties : 

(1)  T(g(P.))  =  P.+1  for  0  <  i  <  N  -  1, 

(2)  T(D.)  =  D.  for  1  <  j  <  N,  and  T(E  )  c  E  ,  T^)  c  E  , 

(3)  T(P)  =  P  for  all  P  in  {(r,0):  r  >  1  -  n)  \  (UD-  u  E0  u  Ei.'  ' 

(4)  1(1, P)  =  T(P)  for  all  P  in  {(r,9):  r  >  1  -  n}  and  1(0, P)  =  P 

for  all  P  in  {(r,9):  r  >  1  -  n}, 

k 

(5)  I(t,P)  =  P  for  all  P  in  {(r,9):  r  >  1  -  n]  \  (|JD.  u  EQ  u  Ej  , 

(6)  I   is  a  homeomorphism  of  { (r , 6) :  r  >  1  -  n)  into  itself  for 

each  t  e  [0,1],  and 

2 

(7)  I  g:  A  ->■  E  has  exactly  the  same  fixed  points  as  g  has,  for 

each  t  e  [0,13. 
PROOF.   By  lemma  2.9  for  each  j,  2  <  j  <  N  there  is  a  homeomorphism 

T  and  a  homotopy  I.  with  the  properties  that 
J  J 

(i)  ygcp..,))  =  v 

(2)  T  (P)  =  P  for  all  P  in  3D., 

J  J 

(3)  I  (1,P)  =  T.(P)  and  I.(0,P)  =  P  for  all  P  in  3D., 

J  J  J  J 

(4)  1  (t.P)  =  P  for  all  (t,P)  in  [0,1]  x  3D.,  and 

j  J 

(5)  1  (t,P)  is  a  homeomorphism  of  D.  onto  D.  for  each  t  in  [0,1]. 
Lemmas  2.12  and  2.13  construct  the  homeomorphisms  T   and  T  and  the 
homotopies  1   and  I   for  E  and  E   respectively,  and  list  their  proper- 
ties.  Now  define  the  homeomorphism  T  from  {(r,9):  r  >  1  -  n }  into 
{(r,6) :  r  >  1}  by 


T(P)  = 


T  (P)    if  P  e  D.    2  <  j  <  N 


T. (P)    if  P  e  E 
i 

P 


=  1  or  2 


if  P  e  {(r,6):  r  >  1  -  n)  \  (  (J  D  u  EQ  u  Ep 
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De.fine    the   homotopy    1    by 


Kt,P)    = 


I    (t,P)        if  P   e   D.        2   <  j    <   N 
J  J 

I.(t.P)         if   P   e    E.         i   =   0   or    1 

i 

P 


if  P   e    {(r,6):    r   >  1  -  n)   \    (Ud.    u   E     u   E  ] 

3-2  J 


The  first  six  properties  are  immediate  from  the  construction  of  the  T  's 
and  the  I.'s  and  the  fact  that  the  sets  D  ,  .  .  .  DN>  and  EQ  u  E^   are 
disjoint.   If  F  is  a  fixed  point  of  g, then 
F  e  {(r,0):  r  >  1  -  n)  \  (IJD-  u  En  u  EJ;  since  F  ^  M-  and  D  £  M 

•oJ  J         J       J 

and  E   c  M  ,  F  cannot  be  in  D.  or  in  E,  and  by  choice  of  n,F  Is  E  .   So 
1-1  j        1  U 

I  (g(F))  =  T  (F)  =  F.   Suppose  P  is  not  a  fixed  point  of  g.   If 
t  t  N 

g(P)  e  {(r,G):  r  >  1  -  r,)  \  (UD-  u  E0  U  El^ ' then  It^(p))  =  8^P)  so 

j=2  J 
P  is  not  a  fixed  point  of  I  -g.   If  g(P)  e  D.,  then  P  k  D  ,  and  then 

I  (g(P))  e  D.  implies  I  -g  does  not  fix  P.   If  g(P)  e  E  ,  then  P  k   E^, 

and  then  I  (g(P))  e  E   implies  I  -g  does  not  fix  P.   If  g(P)  e  EQ, then 

d(P,g(P))  >  2n  and  d(g(P),I  g(P))  <2n  imply  that  P  +   It(g(P)).   So  It"g 

has  exactly  the  same  fixed  points  as  g  on  A.    Q 

2    2 
LEMMA  2.15.   There  is  a  continuous  function  H:  [0,1]  x  E  ■+  E  with 

the  following  properties: 

2 

(1)  H  (P)  =  h(P)  for  all  P  in  E  , 

(2)  Il-H  (P)  =  (T-g)-II  on  {(x,y):  y  >  -r\] ,    and 

2 

(3)  for  each  t  e  [0,1]  H   is  a  homeomorphism  of  E  onto  itself 

which  has  exactly  the  same  fixed  points  as  h. 
PROOF.   There  is  a  continuous  map  I:    [0,1]  *  {(x,y):  y  >  -n) 
■*  ((x,y):  y  >  0}  so  that  I- (id  x  II)  =  11*1,  that  is  to  say,  so  that  I 
makes  the  following  diagram  commute: 


-44- 


[0,1 


]    '<    {(x,y) 


{(x,y) :    y    >    0} 


id    *   II 


[0,1]   *    {(r,0):    r  >  1   -  n} 


(r,9) :    r    >   1}    , 


and    so    that   1(0, P)    =   P    for  all   points    P   in    {(x,y):    y    >   -n } .      In   this 

-1      N 
case   1(1, P)    =   P    for   all    points   P   in    {(x,y):    y    >   -r\}    \    JI      {        D.    u   E      u   E   J 

2  j  =  2   J 

Extend   J   to    [0,l]    x   E     by    requiring   that   I(t,(x,y))    =    (x,y  +   tn).      Now 

let   H(t,P)    =  J(t,h(P))    for  all    (t,P)    e    [0,l]    *   E2 .      So    H(0,P)    =  1(0, h(P)) 

2 
=   h(P)    for  all   P    in   E    ,    and    H-H(t,P)    =    I(t  ,g(P))-II  on    {  (x,y)  :    y   >  -n }    for 

all    t    in    [0,1]  so    that    FI  -H(1,P)  =  1(1,  g(P) )  «n  =    (T-g)-TI   on 

{(x,y):  y  >  -n )  and  since  I  *g  has  exactly  the  same  fixed  points  as  g, 

H  has  exactly  the  same  fixed  points  as  h.    G 

t 


Some  Index  Lemmas  and  the  Curve  C* 


In  this  section  we  prove  several  lemmas  about  the  index  along  simple 
arcs  with  one  end  point  in  y  <  0  and  the  other  in  y  >  F(x) ,  and  construct 
the  simple  curve  C*. 

LEMMA  2.16.  Suppose  f  e  {H  :  0  <  t  <  1}.  If  (x,y)  is  in  y  <  0  and 
(x',y')  =  f(x,y),  then  x'  >  x,  y'  >  y,  and  x'  -  x  >  2 (y '  -  y) .  If  (x,y) 
is  in  y  :?  F(x)  and  (x',y')  =  f(x,y),  then  x'  <  x. 

PROOF.   This  all  follows  by  the.  choice  of  6(x)  <  u  and  the  choice 
of  n  to  satisfy  condition  (6)  in  lemma  2.11  and  the  construction  of  the 

homeomorphism  T  and  the  homotopy  I.    Li 

2 
LEMMA  2.17.   Suppose  C:  [0,1  J  •*•  E   is  a  simple  arc  with  C(0)  in 

y  <  0  and  C(l)  in  y  >  F (x) ,  which  contains  no  fixed  point  of  h.   Let 

,. ^ =»  t 

Q      be    the   angle    from   C(0),    C(0)    +    (1,0)    to    C(0),    Ht(C(0))    and    let    &2 
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be  the  angle  from  C(l) ,  C(l)  +  (1,0)  to  C(l),  H  (C(l))  then 

Ind„  C  -  (ell  -  6f)/2n  (mod  1)  and  -  <    Ind„  C  <  T   (mod  1). 
Ht       z     1  o        t 

PROOF.   Since  6^  -  0   is  equal  to  the  angle  between  D(C(0) ,  H  (C(0))) 
and  dTc(D,  H  (C(l)7)~,  Ind   C  =  (9^  -  6  J )  /  2 ir  (mod  1). 

Since  H   moves  all  points  of  y  <  0  to  the  right  and  since 

p  <  y  min  d(P,h(P))  for  all  P  in  y  =  0,  D(C (0) ,H  (C(0)) )  is  between  (1,0) 

/l      /l  1 

and  (— ,  — )  counterclockwise  on  S  .   Since  H  moves  all  points  of 

y  >  T(x)  to  the  left,D(C(l),  H  (C(l)))  is  strictly  between  (0,1)  and 

(0,-1)  counterclockwise  on  S  .   So  the  angle  0  between  D(C(0) , f (C(0) )) 

and  D(C(1),H  (C(l)))  is  strictly  between  -r   and  — ;  since  IndH  (C)  =  — 

(mod  1),  \  <    Ind„  C  <  7  (mod  1).    D 
8      Ht    4 


Figure  13.   The  curve  C*. 


LEMMA  2.18.   Suppose  f  e  {H  :  t  e  [0,l]l.   Let  W  be  a  point  in 

2 
y  <  0  and  B  be  a  point  in  y  >  T(x).   Let  C  =    {C:  [0,1]  -*■  E  :  C  is  a 

simple  arc  with  C(0)  =  W,  C(l)  =  B,  and  there  is  no  fixed  point  of  f 

on  C},  then  Ind  C  has  the  same  value  for  all  C  c    C. 
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PROOF.   There  --ire  two  cases,  either  f  is  fixed  point  free  or  else 

n   (F)  =  {(x  +  2NTr,y):  N  is  an  integer}  is  the  set  of  fixed  points  of  f. 

In  the  first  case,  if  C  and  C'  are  two  curves  from  C,    then  there  is  a 

continuous  family  of  curves  C  ,  0  <  r  <  1  so  that  C.  =  C,  C  =  C,  and 

r  0       1 

for  all  r,  C  (0)  =  W,  C  (1)  =  B,  and  IndrC   is  defined  for  all  r  since  f 
r  r  f  r 

has  no  fixed  points.   Therefore  Ind  C  =  Ind  C' . 

So  suppose  n   (F)  is  the  set  of  fixed  points  of  f.   First  suppose  a 
is  a  simple  closed  curve,  oriented  counterclockwise,  which  lies  in  intA, 
contains  a  single  fixed  point  (x,y)  of  f  in  its  interior  and  is  contained 
in  x   <  x  <  x  +  2tt  where  x   is  some  number  satisfying  x  -  2tt  <  x   <  x. 

Let  C  :  [0,l]  ■>  E  be  the  vertical  line  segment  from  (x  ,T(x  ))  to 

2 
(x  ,0);  let  C  :  [l,2]  •*■   E  be  the  horizontal  line  segment  from  (x;.,0)  to 

2 
(x  +  2ir,0);  let  C  :  [2,3]  •*■   E  be  the  vertical  line  segment  from 

2 
(x,    +   2  it  ,  0 )    to    (x,    +   2ir,r(x,    +  2tt));    and   let    C,  :    [3,4]  ->  E      be   the 
1  11  4 

graph   of   y   =    r(x)    from    (x      +   2tt,i(x      +   2tt  ) )    to    (x    ,F(x    )).       Since 

D((x    ,y),f(x    ,y))    is    the    same   as    D((x    ,y)    +    (2tt  ,0)  ,  f  (x      y )    +    ( 2  tt  ,  0 ) ) 

which  is  the  same  as  D((x  +  2iT,y),  f(x  +  2ir,y)),  Ind  C   =  Ind  -C  . 

Since  D((x,T(x),  f(x,T(x)))  lies  strictly  between  (0,1)  and  (0,-1)  c.c. 

for  all  x,  -  —  <  IndcC.  <  —  and  because  D((x_,  ,r(xn)),f(x,  ,  T(x,  ) ) 
i  i    h         I  1111 

=  D((x,  +  2tt,  r(x,  +  2ir)),f(x,   +  2iT,r(x1  +  x,  +  2tt)  ),  Ind^C,  =  0  (mod  1). 
1         1  1  11  t  4 

Hence  Ind  C,  =  0.   Since  D((x,0),  f(x,0))  lies  strictly  between  (1,0) 

/2      /l  1  1 

and    (~z-,   -tt)    c.c.    for   all   x,    -  -r  <    Ind^.C^    <  —    (mod    1),    and  because 
11  4  f   2        4 

D((x    ,0),f(x    ,0))    =   D((x     +   2tt,0),    f(x     +   2ir,0)),    Ind   C      =   0    (mod   1), 

hence    IndrC„    =    0.       So    IndrC1C„CnC.    =    IndrCn    +    Ind^C„    +    Ind^C^   +    IndrC.   =  0, 
f    2  r   1    l   3  4  fl  f    2  f    3  f4 

Since  a  is  homotopic  to  C  C„C„C.  via  a  homotopy  whose  range  lies  in 

12    3   4 


intCnC0C,C.    \    inta,    Ind^a   =    Ind^C  C   C   C,  ,    hence    Indra   =   0. 
1234  f  fl234  f 
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(x1,r(x1)) 


y  -  r(x) 


(x  +  2tt  ,0) 


Figure  14.   The  curves  C  C  C  C   and  a, 


Now  suppose  that  a  and  a  are  simple  arcs  from  W  to  B  which  inter- 
sect only  at  W  and  B,  and  there  is  exactly  one  fixed  point  (x,y)  of  f  in 
int (a,  u  a„).   There  is  a  positive  number  e  so  that  N  (x,y)  c  int(a1  u  a.) 

11  E  1      I 

Let  8  =  3N  (x,y)  oriented  counterclockwise  and  let  p  and  q  be  two  points 

on  8-   There  is  a  simple  arc  ijj   from  W  to  p  which  lies  in 

int  (a   u  a  )  \  N  (x,y)  except  for  W  and  p,  and  a  simple  arc  4>      from  q 

to  B  which  lies  in  int(a   U  a  )  \  N  (x,y)  except  for  q  and  B.   Let  8   be 

the  subarc  of  8  from  p  to  q  which  has  the  property  that 

(x,y)  g  ext(ij)   u  B„  U  i>„    u  a  ).   Let  8   =  8  \  8?  from  p  to  q.   Now  there 

is  a  homotopy  from  a   to  ty      U  89  U  iJj„  which  fixes  W  and  B  and  whose 

range  lies  in  int(^)   u  87  u  tjj„  u  a_);  hence  Ind  a?  =  Indf  ^-i  BJ7  ■ 

Similarly,  Ind  a   =  Ind  Ai    R  ^  .   However  by  the  previous  argument 

Ind  8  =0;  so  8  =  3~  -  8,  implies  Ind  8,  =  Ind  3„.   Hence 

Ind  ij)  3  i/j   =  Ind  i|i  R  ij;   and  therefore  Ind  a   =  Ind  a  . 
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Figure  15.   The  arcs  a  ,  a  ,  ty    ,    <jj„,  8  ,  and  ft, 


Now  suppose  C  and  C  are  two  simple  arcs  in  C.      Let  K  =  C  u  C  u  0 

2 
where  0  is  the  union  of  the  bounded  components  of  E   \ (C  u  C  ).  The  set 

K  is  compact  and  every  point  of  3K  is  accessible  from  <*>.      So  there  is  a 

2 
simple  arc  ty    from  W  to  B  which  lies  in  E   \  K  except  for  W  and  B,  and 

which  does  not  contain  any  fixed  point  of  f.   Let  P  be  a  point  in  \\> 

different  from  W  and  B  and  let  Z  be  a  point  in  C  different  from  W  and  B. 

The  simple  closed  curve  iJj  u  C  has  only  finitely  many  of  the  fixed  points 


of  f  in  its  interior,  say  Q  ,  Q  , 


,  Q  .   By  induction  a  simple 


arc  Q:  [0,k]  ■*  E  can  be  constructed  so  that  Q  lies  in  the  interior  of 

ip  u  C  except  for  Q(0)  =  P  and  so  that  Q(i)  =  Q.  for  1  <  i  <  k.   Further, 

2 
Q  may  be  extended  to  a  simple  arc  Q:  [0,k+l]  ->  E   by  letting 

Q:  [k,k+l]  -»  E  be  a  simple  arc  in  int(tj;  u  C)  \  Q  from  Q   to  Z.   The 

union  a   of  the  arc  Q,  the  subarc  of  \\>    from  W  to  P  and  the  subarc  of  C 

from  Z  to  W  is  a  simple  closed  curve  with  B  in  its  exterior.   The  union 

ft   of  the  arc  Q,  the  subarc  of  ip    from  P  to  B  and  the  subarc  of  C  from 
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Figure  16.   The  simple  closed  curve  i>   u  C. 


B  to  Z  is  a  simple  closed  curve  with  W  in  its  exterior.   By  induction 

there  are  simple  arcs  C.,  1  <  i  <  k  from  W  to  Q  (k  -  i  +  — )  in  intcx 

except  for  A  and  Q(k  -  i  +  — )  which  intersect  only  at  A,  and  there  are 

simple  arcs  C* ,    1  <  i  <  k  from  Q(k  -  i  +  — )  to  B  in  intg   except  for  B 

and  Q(k  -  i  +  -r)  which  intersect  only  at  B.   Now  C,  C  C*,  C  C*   .  .  . 

C,  ,C*  ,,  \b   is  a  sequence  of  arcs  from  W  to  B  which  are  pairwise  disioint 
k-1  k-1 

except  for  W  and  B.   There  is  exactly  one  fixed  point  of  f  in  the  in- 


terior of  each  of  the  simple  closed  curves  C  u  C  C*,  C  C*  u  C  C*, 
C    C*    u  C    C*   ,  C    C*    u  i]i .  Hence  by  the  previous  argument 

K.  Z.     1C- *  Z      r\.~".L  K."- X     K,"~J..  K.- "X 

Ind^C  -  IndcCnC*   Ind^C.C*  =  Ind.C.^C*,,  for  1  <  i  <  k  -  1  and 
f       fll     fii      f  i+l  l+l 

Ind  C    C*    =  End  ty .       So  Ind  C  =  Ind  \p .       By  the  same  argument 
f  k.— 1  k.—  1       t  t        i 

Ind  C'  =  Ind  i  and  so  Ind  C  =  Ind  C'.    D 


Let  GQ  =  f  (x,y) 
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y  "  0},;md  for  each  integer  i  let  G.  =  IL  (G_) 

1    1   0 


where  n  is  as  in  lemma  2.11.   The  following  easy  lemma  will  be  used  to 

show  that  a  certain  arc  is  simple. 

LEMMA  2.19.   If  i  /  j.then  G.  n  G.  =  <j>,  and  if  |i  -  j|  >  l,then 

G.  n  G.  =  d>. 
i    J 

PROOF.   If  i  is  a  negative  integer,  then  G.  =  H  (G  )  = 
{(x,y):  n(i  -  1)  <  y  ^  n(i)}.   So  if  i  and  j  are  negative  integers  and 


i  4    i,  then  G   n  G  =  6:    if   i  -  i   >  1,  then  G .  n  G .  =  i> .      If  i  and  j  are 
i    J  '  i    1 


any  integers  so  that  if  i  4   j,then  H 

G.   i  . 


l  -  IJ 


(G.  n  G.)  = 


rl1!-  U 


("57  n  G?)  =  G". 

1      j        3 


;  so  G .  n  G   =  <t;  and  if   i  -  j   >  1,  then 


■  i   i  .  i  n  G. 
1  ~  N     l 


i.l=  d>:so  G.  n  G.  =  <j> .    D 


P  +  (2tt,0) 


P  +  (2tt,0) 


/////y  //./////  ///J7TT7- 


V(~2lT'0)  Go    po 


PQ  +  (2tt,0) 


y  =  -n 


Figure  17.   The  sets  G   and  G  . 


DEFINITION  2.20.   Let  P   e  II   (P  )  ,  and  for  each  i,  -1  <  i  <  N  +  1. 

let  P   =  H^(Pj.   So  for  0  <  i  <  N  +  1,  P.  =  Hn  (P .  ).       Note  also  that 
l    1   0  i    1   l-l 


n(P.)  =  P.  for  0  <  i  <  N. 


DEFINITION  2.21.   Let  C  :  [-1,0]  ^  E   be  the  straight  line  segment 

2 
from  P    to  P  .   For  each  positive  integer  k  define  C  :  (k-l,k]  ■*■   E   by 
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C.  (t)  =  H^(Cn(t  -  k))  for  all  t  e  (k-l,k].   Now  let  C:  [-1.N  +  1]  -»•  E2 
k       1   U 

be  the  union  of  the  maps  C   for  0  <  k  <  N  +  1 . 

2 
LEMMA  2.22.   The  arc  C:  [-1 ,N  +  1]  ->  E   is  a  simple  arc  with 

C(k)  =  P   for  each  integer  k,  -1  <  k  <  N,  and  C(t  +  1)  =  H  (C(t))  for 

K.  J. 

each  t  in  [-1,N]. 

PROOF.   The  simple  arc  C_  is  a  subset  of  G_,  and  for  each  k, 

0  <  k  <  N,  C.  is  a  subset  of  G,  so  that  C,  n  C,  ,  c  G,  n  G,  ,  =  6   if 

k  k  k    k     k    k 

k  <t   k'  .   If  k'  =  k  +  1,  then  cT  n  C~,  =  P,  ,  and  if  Ik  -  k'  I  >  l.then 

k     k     k 

N+l 

C   n  C  ,  £  G   n  G  ,  =  4> .   Hence  C  =  I  J  C   is  a  simple  arc.   Since 

k  k       k=0 

C(k)  =  C.  (k)  =  H.(C_(0))  =  H..(Pn),  C(k)  =  P,  for  each  k,  -1  <  k  <  N. 
k       10        10  k 

And  finally  if  t  e  (k-l,k],then  t  +  1  e  (k,k+l]  so  that 

C(t  +  1)  =  Hk+1(c0(t+l  -  (k  +  1)))  =  H1  H^(C0(t-k))  =  H1(C(t)).   "D 

Now  let  Q  be  the  first  point  of  C([-1,N])  which  is  also  a  point 
of  y  =  r(x) . 

LEMMA  2.23.   There  is  a  number  q,  H  -  1  <  q  <  N  so  that  C(q)  =  Q. 

PROOF.   Since  P   is  on  y  =  T(x),  q  <  N.   Since 

G,  =  H  {(x,y):  y  <  0}  \  {(x,y):  y  <  0},  J1(G  )  c  M  by  the  choice  of  n  in 

lemma  2.11  to  satisfy  (4).   Also  since  G,  ,=11,  (G,  ),  we  have 

k+1    1   k 

n(Gk+1)  =n-H  (G  )  =  T.g.n(G  )  c  T-g(M  )  c  K         by  induction,  where 

M,  =  {P  e  A:  P  =  P,  for  some  6-chain  P„,  P  .  .  .  .  ,  P,  } .   Since 
k  k  0    1k 

P_,  P  ,  .  .  .  ,  P   is  a  minimal  6-chain  M   n  y   =   cj)  for  0  <  k  <  N  -  1, 
hence  G   n  {(x,y):  y  =  T(x)}  =  (f>  for  0  <  k  <  N  -  1,  so  that 

C   n  {(x,y):  y  =  T(x)}  =  <J>  f or  0  <  k  <  N  -  1.   Therefore  q  >  N  -  1.    G 

2 
Let  C*:  [-l,q]  ->  E  be  the  subarc  of  C  from  P    to  Q.   By  lemma 

2.17,  -|  <  lndeC*   <   y  (mod  1)  for  all  f  e  {H  :  0  <  t  <  1}.   Since 

8_     f  N   4    N  C 

I1(C*  n  A)  c  n  ( (I  G  )  c  M  M  =  M  ,  C*  does  not  contain  any  fixed  points 

k=l      k=l 
of  any  f  e  {H  :  0  <  t  <  1}. 
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Calculation  of  Ind^C* 


Tn  this  section  a  homotopy  is  constructed  which  allows  us  to  cal- 

1  3 

culate  Ind,,  C*  and  from  that  Ind,  C*   and  we  show  that  -r  <  Ind,  C*  <  -r. 
H,  h  4      h     4 

Let  P:  [-l,q]  ->  S1  be  given  by  P(t)  =  D(C(t),  H  C(t))  = 
D(C(t),  C(t  4-  1)).   Now  extend  this  to  a  map  P  :  [-l,2q   +  1]  ->  S   by 


po(t)   =  1 


P(t)      -1  <  t  <  q 


P(q)      q  <  t  <  2q  +  1. 


Note  that  Ind   C  =(P  (2q  +  1)  -  P  (-1))/2tt  where  P   is  any  lift  of  P  , 
that  is,  Pn  is  any  map  which  makes  the  following  diagram  commute: 


[-l,2q  +  1 


Now  any  homotopy  of  the  map  P   which  fixes  P  (-1)  and  Pn(2q  +  1)  lifts 
to  a  homotopy  of  P  which  fixes  P  (-1)  and  P  (2q  +  1).   More  precisely, 

if  P:  [0,b]  y    C-l,2q  +  1  ]  •+■  S   is  a  continuous  map  with  P.  (-1)  =  Pn(-1) 

A  (J 

and  P  (2q  4-  1)  =  Pn(2q  +  1)  for  all  A  in  [0,bJ,  then  for  any  lift 

P:  [0,b]  x  T-l,2q  +  1]  •>  R  of  P,  P,  (-1)  =  P„(-l)  and  P,(2q  +  1)  = 

A  (J  A 

P„(2q  +  1)  for  every  A  in  [0,bL   Hence  Ind   C  =(P  (2q  +  1)  -  P  (-1))/2tt 


A 


for  all  A  e  [ 0 , b  J .   In  lemmas  2.24  through  2.28  such  a  homotopy  will  be 
constructed  for  b  =  q  +  2  with  the  additional  property  that  P   is  mono- 


tonic   and  varies  less  than  it,  on  each  of  three  subintervals  whose  union 

is  [-l,2q  4-1],  so  that  Ind,.  C  can  be  computed  from  P  . 

Hl  b 
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LEMiMA    2.24.       For    0    <    A    <    q  +   ]     let 

r 

D(C(-1),  C(t  +  1)) 
D(C(t  -  X),  C(t  +  1)) 
D(C(t  -  A),  C(q  +  1)) 
D(C(q),  C(q  +  1)) 


PA(t)  =  \ 


-1  <  t  <  A  -  1 

A  -  1  <  t  <  q 
q  <  t  <  q  +  A 
q+A<t<2q+l. 


Then  P:  [0,q  +  1]  *  F-l,2q  +  1]  ->  S   is  a  continuous  function  with 
P  (-1)  =  PQ(-1)  and  PA(2q  +  1)  =  PQ(2q  +  D  for  all  A  in  [0,  q  +  1]. 

PROOF.   First  it  is  necessary  to  show  that  P  is  defined  for  each 
(A,t)  in  L0,q  +  l]  x  [-l,2q  4-  1].   Since  C  is  a  simple  curve, t   /  t 
implies  C(t  )  £   C(t  )  so  that  D(C(t  ),  C(t  ))  is  defined  if  t  4    t    .      For 
each  A  and  t,  P  (t)  =  D(C(t  ),  C(t  ))  for  some  t   and  t   with  t   ^  t 
since  in  the  first  part  of  the  definition  of  P   -1  <  t  so  that 
-1  <  t  +  1  hence  -1  #  t  +  1,  in  the  second  part  t-A<t-0<t+l 
hence  t-A/t+1,  in  the  third  part  t  <  tq  +  A  implies 
t-  A<q  <q+l  hence  t  -  A  ^  q  +  l,and  in  the  last  part  q  /  q  +  1. 
The  map  P  is  continuous  since  each  of  the  four  parts  is,  and  they  match 
up  properly.    D 

Note  that  the  map  P    :  C-l,q  +  13  -*■   S   is  given  by 


P  +1(t) 
q+1 


D(C(-1),  C(t  +  1)) 


■1  <  t  <  q 


D(C(t-q-l),  C(q  +  1))      q  <  t  <  2q  +  1 


In  the  construction  of  P:  [q  +  1,  q  +  2  ]  x  l.-l,  2q  +  1]  -*■   S   in  lemma 
2.28  we  will  use  the  simple  arcs  and  the  homotopies  constructed  in  the 
next  three  lemmas . 
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LEMMA  2.25.   There  is  a  simple  arc  ct:[-l,q]  ■*■   E  so  that  ct(-l)  =  P 


-i 


a(q)  =  Q,  H  (Q)  is  not  on  a  and  so  that  there  is  a  number   S,  -1  <  S  <  q 
so  that  D(a(t),  H  (Q))  is  monotonic  and  varies  less  than  it  on  each  of 
[-1,S]  and  [S,q]. 

PROOF.   Let  e  be  a  positive  number  less  than  each  of  tt/4,  the  angle 


i   from  Q,(x  ,  y    )  to  Q,H  (Q)  and  the  angle  i   from  Q,H  (Q)  to 


0, (x  ,  y   „ ) ,  where  Q  =  (x  ,  y  ).   Let  L.  be  a  ray  emanating  from  Q  at 
8   g-1  g   g         1 

3tt 
an  angle  — — \-   e,    let  Ln   be  the  horizontal  line  through  P   and  let 

R  =  (x  ,  y  )  be  the  point  of  intersection  of  L.,  and  L„.   Let 
r   r  12 

2 
ct:[-l,S]  ->  E  be  a  parametrization  of  the  closed  line  segment  from  P 

2 
to  R  where  S  is  any  number  between  -1  and  q,  and  let  a:  [S,q]->E   be 

a  parametrization  of  the  line  segment  from  R  to  Q.   In  case  x   >  x_,  , 

D(a(t),  H  (Q))  is  nondecreasing  and  in  case  x   <  x   ,    D(a(t),  H  (Q)) 

is  nonincreasing  on  [-1,S]  and  nondecreasing  on  [ S,   ql.    D 


Figure  18.   The  two  possible  configurations  of  a. 
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2 
LEMMA  2.26.   There  is  a  continuous  function  N:  [0,l]  *  [-l,q]  ~>   E 

so  that  N  (t)  =  C(t),  N  (t)  =  o(t),  and  for  all  u  e  [0,l],  ^(-1)  =  P_1 

and  N  (q)  =  Q  and,  moreover,  so  that  H  (Q)  does  not  lie  in  the  range  of 


PROOF.   Let  ij>   =  {(x,y):  x  =  x_1,   y  <  y_1  }  U  P_1  P 

ibn   =  {(x,y):  x  =  x  ,  y  >  y  },  and  let  C  be  the  subarc  of  C  from  Pn  to  Q. 
2  q       q  u 

Finally  let  <\>   =  \f»   U  C1  u  i{i_.   Each  of  fy    ,    C,  and  4> „   is  a  simple  arc. 
Since  <K  \  {PQ}  £  i(x,y):  y  <  0}  and  C  c  {(x,y):  y  >  0},  ij^  n  C  =«  {PQ}. 
Since  ij)   c  {(x,y):  y  <  0}  and  i>      c  {(x,y):  y  >  r(x)  >  0} ,  ^  n  ^2  =  <j> . 
Finally  4i „  n  C  =  {Q}  because  otherwise  there  would  be  some  w  i=   Q  in 
g>   n  C,  w  would  therefore  be  in  {  (x  ,y):  y  >  r(x  )}  so  the  subarc  of  C 

from  P„  to  w  must  cross  y  =  T(x)  contradicting  Q  being  first  intersection 

2 
of  C  with  y  =  r(x).   Hence  ty    is  a  simple  arc.   The  open  set  E   \  ^  has 

exactly  two  components,  say  A  and  A  ;  suppose  A   is  the  component  which 

contains  P   +  (-1,0),  that  is,  A   contains  the  points  "to  the  left  of"  i|> . 

Now  H  (Q)  is  not  on  C'  since  C  is  simple;  H  (Q)  is  not  on  i>      since  its 

x-coordinate  is  smaller  than  that  of  Q;  and  H  (Q)  is  not  in  <i>      since  its 

y-coordinate  is  greater  than  0.   So  H, (Q)  is  either  in  A  or  in  A  . 

Suppose  H  (0)  is  in  A  and  consider  the  set  H -,(40  •   Now  "(^n-*  is 

a  ray  parallel  to  \\i      which  lies  to  the  left  of  t(/„.   Since,  by  choice  of 

6,  I   ,  the  homotopy  constructed  in  lemma  2.15,  moves  points  less  than 

-  |x   -  x  ,J,  B\  (t[0  lies  outside  N(iK,  —  I  x   -  x  ...  )  hence  does 
2  '  q     q+1  '12  2   2    q     q+1 

not  intersect  iji  .   Furthermore,  if  m  =  maxT(x)  +  1,  then  the  ray 

{(x,v):  x  =  x   , ,  y  >  m}  is  fixed  by  I  so  that 
q+1  1 

{(x,v):  x  =  x   ,  ,  y  >  m}  £  u    (\j>    )    n  A  .   Since  H  (i|>  )  contains  points 
q+1  12      2  LI 

from  each  of  A   and  A  ,  H  (ty    )  n  \\i   t   <))  and  since  H  (ij;  )  n  \p      -    if   and 
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y   =    0 


Figure   19.      The   curve  i>    ,    C,    and  \\i    . 


H    (*2)    n  i>     =   <j>,    H    (*   )    n   C    ^  <f> .      If   z   e   H   OJ;   )    n   C''  then 

H   (z)  e  i|i   n  H   (C)  so  that  H   (z)  is  an  element  in  ib   which  is  on 

the  subarc  of  C'  from  P    to  z  contradicting  the  fact  that  Q  is  only  such. 

Hence  H  (Q)  ^  A  ;  so  H  (Q)  e  A  . 

Now  let  £  =  maxty:  (x,y)  e  C([-l,  q  +  1])}  +  1,  and  let 


k  =  max{x:  (x,y)  c  C([-l,  q  +  1])}  +  1  +  |x  -  xn  ,  where  R  =  (x  ,  y  ) 

1  r     0  r    r 

2 
as  in  the  previous  lemma.   Let  3:  L-l>  qJ  "*■  E  be  a  parametrization  of 

the  union  of  the  straight  line  segments  from  P    to  (x_, ,  -2n),  from 

(x_  ,  -2n)  to  (k,  -2n),  from  (k,  -2n)  to  (k,l),    from  (k,l)    to  (x  ,£), 

and  from  (x  ,£)  to  Q.   By  choice  of  k  and  £,3  U  C  is  a  simple  closed 

curve,  and  3  U  int(3  u  C)  £  A   so  that  H  (Q)  X  3  u  int(3  U  C),  and 
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(k,A) 


H1(Q) 


*(k,-2n) 


Figure  20.   The  curve 


H  (Q)  k   C  since  C  is  simple;  so  H  (Q)  lies  in  the  exterior  of  M  C 

2 
Hence  there  is  a  continuous  function  G:  [0,1]  x  [-l,q]  ->•  E  ,  with 

G_(t)  =  C(t),  G,(t)  =  3(t),  and  for  all  u  t    [0,1]  G  (-1)  =  P  .  and 
0  I  u        -1 


G  (q)  =  Q  and  whose  range  lies  in  int(Bu  C').  In  either  case  a  u  8  is  a 
u 

simple  closed  curve.   Since  a  lies  in  {(x,y):  x  >  x  }  u  {(x,y):  y  <  0}, 

H  (Q)  X  a,  and  since  int(au  8)  £  {  (x,y)  :  x  >  x  }  u  {(x,y):  y  <  0), 


H  (Q)  X  int(au  6).  Hence  there  is  a  continuous  function 

J:  [0,1]  x  r-l,q]  -*  E2  so  that  JQ(t)  =  6(t)  and  J  (t)  =  a(t)  for  all  t 

in  [-l,q]  and  for  all  u  e    [0,1],  J  (-1)  =  P  ,  and  J  (q )  =  Q  and  whose 

u        -1       u 


range  lies  in  int  (au  8).  Now  define  N:  [0,1]  x  [-l,q]  ->-  E   by 
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(case  a) 


(case  b) 


Figure  21.   The  curves  a  and  6. 
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NA(t)  =  { 


G2A(t) 


J2A-l(t) 


0  <  A  < 


<  A  <  1 


Clearly  N  has  the  required  properties.    0 

2 
LEMMA  2.27.   There  is  a  simple  arc  a:  [0,q  +  1]  ■+   E   so  that 

a(0)  =  P  ,  o(q  +  1)  =  H  (Q)  and  D(P_  ,  a(t))  is  either  increasing,  a 

constant  or  decreasing,  and  varies  less  than  it. 

2 
PROOF.   Let  a:  [0,q  +  1]  ->  E  be  the  straight  line  segment  from  PQ 

to  H  (Q) .   If  H  (0)  lies  above  the  straight  line  L  containing  PQ  and 

P   then  D(P  ,,  o(t))  is  increasing,  if  H  (0)  lies  on  the  line  L  then 

D(P   ,  o(t))  is  constant  and  if  H  (Q)  lies  below  the  line  L,then 

D(P    o(t))  is  decreasing.   It  is  clear  that  D(P_  ,  o(t))  varies  less 

than  tt  in  either  case.    □ 


H^Q) 


-1 


Figure  22.   (a)  D(P  .,  o(t))  is  increasing,  (b)  D(P   ,  o(t))  is  decreasin 


-1 
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LEMMA  2.28.      For   q  +  l^A<q  +  2    there    is   some   ij    e    [0,1]    so    that 
A    =    q   +   1    +  v .      Let 


X        q+l+U 


D(C(-1),  (1  -  y)C(t-H)  +  ya (t  +  1) 


D(N  (t-q-  l),C(q  +  l)) 


1  . 


-1  <  t  <  q 


q  <  t  <  2q  +  1, 


then  P:  [q  +  1,  q  +  2J  x  [-1,  2q  +  1]  ■>  S   is  a  continuous  function  with 

P  (-1)  =  P0(-D  and  PA(2q  +  1)  =  PQ(2q  +  1)  for  all  A  in  [q  +  1,  q  +  2], 

and  P  matches  up  properly  with  the  P    defined  in  lemma  2.24. 

PROOF.   The  map  P  is  defined  for  all  (A,t)  in  [q  +  1,  q  +  2]  *  [-l,2q  +  l] 

because,  in  the  first  part  of  the  definition  of  P,  C(-l)  is  never  equal  to 

(l-y)C(t  +  l)  +  pa  (t  +  1)  since  (l-u)C(t  +  l)  +  yo(t  +  l)  c  {(x,y):  y  >  0}, 

and  in  the  second  part  of  the  definition  of  P,  N  (t  -  q  -  1)  is  never 

equal  to  C(q  +  1),  since  C(q  +  1)  =  H  (Q)  is  not  in  the  range  of  N.   The 

function  P  is  continuous  since  each  part  is  and  they  are  matched  up 

properly.    Q 

LEMMA  2.29.   The  map  P   „:  [-1,  2q  +  1]  ->  S1 ,  which  is  given  by 
q+2 


P  .At)   = 

q+2 


D(C(-l),a(t  +  1)) 


-1  <  t  <  q 


D(a(t  -  q  -  1),  C(q  +  1))      q  <  t  <  2q  +  1 


is  monotonic,  and  varies  less  than  it,  on  each  of  three  subintervals  of 

[-1,  2q  +  U  whose  union  is  [-1,  2q  +  1 ] . 

PROOF.   On  [-1,  q  +  1],  P  ,  At)    =   D(C(-1),  a(t  +  1))  is  monotonic 
n         q+2 

with  a  variation  of  less  than  rr  by  lemma  2.27.   On  [q  +  1,  2q  +  2] 

P  At)    =  D(o(t  -  q  -  1)  ,  C(q  +  1))  .   By  lemma  2.25  there  is  an  S, 
q+2 

-1  <  S  <  q   so  that  D(o(t  -  q  -  1),  C(q  +  1))  is  monotonic  with  a 
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varintion  of    less    than   n   on    each  of    Lq  +1,    q+l+SJ   and 

[q  +  1  +  S,    2q  +  l],        D 

s. 

LEMMA  2.30.   Let  9   be  the  angle  from  P   , (x.  +  1,  y_,)  to 


P   ,  P   and  let  6  be  the  angle  from  Q,  (x  +  1,  y  )  to  Q,  H  (Q) .   Then 

IndR  C*  =  (8   -  6  )/2tt. 

PROOF.   There  is  a  lift  P  ,„  of  P  , „  so  that  by  the  remarks  pre- 

q+2      q+2 

ceding  lemma  2.24 

n*  y2(2q  + 1}  -  V2(-i} 

Ind   C*  =  -^ ■ 3 . 

If  A  and  B  are  two  points  which  are  not  exactly  opposite  one  another  on 
the  unit  circle  S  ,  then  define  d(A,B)  to  be  the  directed  (shortest) 
distance  from  A  to  B  along  the  curve  S  .   By  the  previous  lemma  we  have 
the  following  three  equations: 

a(V2("1}'  V2(q))  =  V2(q)  -  V2(-1}' 

a(V2(q)'  V2(q  +  1  +   S))  =  V2(q  +  1   +   S)    ~   Pq+2(q)'  and 

d(?q+2(q+l+S),  Pq+2(2q+l))  =  Pq+2(2q+D  -  ^q+2^^)  • 

Therefore  P  ,_(2q+l)  -  P  10(-1)  =  (8„  -  8n  )/2ir.   So  Indu  C*  =  (9  -  6  )  /2tt.  Q 
q+2  q+2  2     1  H-.       1    / 

LEMMA  2.31.   The  following  inequality  holds  for  the  curve  C*: 

1  3 

=■   <  Ind,  C*  <  7". 
4      h     4 

r  ^ \ 

PROOF.   For  each  r  in  [0,l]  let  8   be  the  angle  from  P   (x,+l ,y_.) 

\  r  ^ v 

to  P  ,H  (P  ,  )  and  let  Qn    be  the  angle  from  Q.,(x  +1,  y  )  to  Q„H  (Q)  . 
-1'  r   -1  2  1   q       q       1  r 

Each   of    6,    and    0„    is    a   continuous    function   of    r   and    Ind      C*  =  (6     -9    )/2tt 
12  Hr  l        -1 

(mod  1)  for  every  r.   Since  the  index  is  continuous  and  Ind   C*  = 

1 
11  r  r 

(0?   -    0    )/2tt,    Ind      C*    =    (8      -    9    )/2tt    for    every    r,    in    particular    for    r    =    0. 

Therefore    Ind  C*  =  (9,  -  8°)/2tt   and    since   Q±  =  0   and  -^  <  82  < -p   ^-<IndhC*<^.  D 
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H  .  (Q) 


Conclusion  of  Argument 


Now  in  applying  the  entire  argument,  from  the  construction  of 
5-chains  on,  to  the  homeomorphism  g   which  maps  g(A)  onto  A,  the  only 
difference  would  be  that  the  induced  map  from  g(A)  onto  A,  which  in  fact 
can  be  taken  to  be  h   ,  moves  points  on  y  =  0  to  points  on  y  =  0  with 
smaller  x-coordinates ,  and  moves  points  on  h{ (x,y) :  y  =  f(x)}  to  points 
on  y  =  F(x)  with  larger  x-coordinates.   Hence  in  the  end  we  would  obtain 
the  following  lemma: 

LEMMA  2.32.   There  is  a  simple  curve  B  which  has  for  one  endpoint  w 

in  y  <  0  and  for  its  other  endpoint  z  e  h{(x,y):  y  =  T(x)}  and  which 

3  ] 

satisfies  -  —  <  Ind,  _i B  <  -  — . 

4  h        4 

Since  -  t  <  Ind  -]_B  <  -  j   and  Ind   iB  =  Ind  h"  (B)  , 


'. 


4 


-  r  <  Ind  h  X(B)  <  -  t-      Let  B*  =  h   (B)  +  (2nTr,0)  for  some  n  suffi- 
4       h  4 


ciently  large  so  that  every  point  of  B*  has  greater  x-coordinate  than 
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an  arc  from  W   in  y  '  0  to  Z   in  y  =  F(x)  and  B*  is  a  disjoint  arr  from 

W   in  y  <  0  to  Z   in  y  =  i(x).   Let  y      be  an  arc  from  U   to  W   in 

y  <  0  and  let  y      be  the  arc  along  y  =  i(x)  from  Z   to  Z  .   Since 

Ind  v,  =  0,  Ind, C*  =  Ind,  B*Y„  =  Ind,  B*  +  Ind,y0,  by  lemma  2.18.   Now 
hi         h        hz      h        nz 

-  i  <  Ind,  Yo  <  i  so  that  -  \  +  ~  <    Ind,  B*  +  Ind.  y„  <  -  -  7   that  is 
2      h  2   2  24      h        h  2   2   4 

-  t  <  Ind,  B*  +  Ind,  y-      <  -   but  7-  <  Ind^C*  <  T,  which  is  the  desired 
4      h        h  2   4     4      h     4 

contradiction. 


Fieure  24.   The  curves  C*  and  B*. 


Directions 


The  condition  in  the  hypothesis  that  g  be  fixed  point  free  on  the 
boundary  of  A  is  probably  not  necessary  to  the  theorem  even  though  it 
was  used  in  the  proof.   It  could  be  avoided  by  constructing  the  5-chains 
in  the  strip  A  using  the  homeomorphism  h.   However,  the  lemma  on  con- 
necting arcs  would  have  to  be  done  with  considerably  more  care. 
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Another  possible  Lmprovement  of  the  main  theorem  would  be  to  replace 
the  curve  8  in  the  conclusion  by  a  curve  which  misses  its  image.   This 
could  be  done  if  the  ring  S  constructed  in  the  section  Constructing 
6-chains  did  not  contain  the  fixed  point  F  in  its  outer  boundary  but  it 
is  not  clear  how  to  accomplish  this. 

A  possible  theorem  corresponding  to  the  main  theorem  which  concerns 
itself  with  the  components  of  the  set  of  fixed  points  of  g  would  be  the 
following. 

Let  g  be  a  twist  homeomorphism  of  the  annul  us  A  onto  g(A),  as  in 
the  main  theorem,  then  either: 

(1)  There  is  a  simple  closed  curve  6  so  that  the  annulus  bounded 

by  r  =  1  and  6  is  mapped  onto  a  proper  subset  of  itself  by  g 

-1 

or  g   , 

(2)  there  is  a  component  of  the  set  of  fixed  points  which  separates 
the  components  of  the  boundary  of  A,  or 

(3)  the  fixed  point  set  of  g  has  at  least  two  components. 

The  analogous  theorem  for  area  preserving  homeomorphisms  was  stated 

and  proven  by  W.D.  Neumann  in  [14].   (In  this  same  paper  Neumann  studied 

the  periodic  points  of  twist  homeomorphisms.) 

A  related  line  of  investigation  concerns  the  following:   What  con- 
ditions on  the  twist  homeomorphism  g  insure  the  existence  of  an  invariant 
simple  closed  curve?   For  a  theorem  insuring  the  existence  of  such  curves 
for  area  preserving  homeomorphisms,  under  fairly  restrictive  conditions 
on  g,  see  Moser  [13].   One  could  also  ask:   What  conditions  on  the  twist 
homeomorphism  g  insure  the  existence  of  an  invariant  essential  closed 
curve  [a  continuum  which  is  the  common  boundary  of  the  one  bounded  com- 
ponent and  the  unbounded  component  of  its  complement]? 


CHAPTER  THREE 
AN  EXAMPLE 


Discussion  of  Example 

Suppose  that,  as  in  second  chapter,  g  is  a  twist  homeomorphism  of 
the  annulus  A  bounded  by  r  =  1  and  the  simple  closed  curve  y,    which  lies 
in  r  >  1  and  intersects  each  radial  in  exactly  one  point,  onto  the 
annulus  g(A)  bounded  by  r  =  1  and  the  simple  closed  curve  g(y)>  which 
also  lies  in  r  >  1  and  intersects  each  radial  in  exactly  one  point. 
Using  the  argument  indicated  by  G.D.  Birkhoff  in  his  1925  paper  [4],  it 
can  be  shown  that  if  g  has  at  most  one  fixed  point  then  there  is  a  ring  S 
having  r  =  1  as  a  part  of  its  boundary  which  is  mapped  onto  a  proper  sub- 
set of  itself  by  either  g  or  g   .   In  this  chapter  an  example  will  be 
given  to  show  that  the  boundary  of  the  ring  S,  as  constructed  by  Birkhoff, 
is  not  necessarily  the  union  of  two  simple  closed  curves.   Recall  that 
Birkhoff  constructed  the  ring  S,  using  the  homeomorphism  g  and  the  con- 
tinuous function  6:  [0,2tt]  -*■  R,  in  the  following  way:   A  sequence  of 

points  P_,  P, .....  P   is  called  a  6-chain  if  P„  is  in  r  =  1  and  each 
0   1  n  0 

point  P,,,  >  for  1  <  k  +  1  <  n,  is  obtained  from  g(P.  )  =  (r  ,  6  )  by  an 

K  T 1  K.  K.     K. 

outward  radial  motion  of  less  than  6(0,  );  that  is,  P,  ,  =  (r,  4-  d,  ,  0,  ) 

k  k+1      k    k    k 

for  some  d,  such  that  0  <  d,  <  6(0,  ).   A  6-chain  P„.  P„  ,  .  .  .  ,  P   is 
k  k      k  0    1  n 

terminating  if  P   fc  A.   If  g  has  at  most  one  fixed  point  F  and  if  6  is 
chosen  to  satisfy  certain  requirements, then  either  there  is  no  ter- 
minating 6-chain  for  g  or  else  there  is  no  terminating  6-chain  for  g   , 
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so  that  S  can  be  constructed  in  the  first  case  using  g  or  in  the  second 

using  g  ".   Suppose,  without  loss  of  generality,  that  there  is  no 

terminating  6-chain  for  g.   Then  the  set  M  is  given  by  M  =  {P:   P  =  P 

n  n  n 

for  some  6-chain  P„,  P,  ,  .  .  .  ,  P  }  and  the  ring  S  is  defined  to  be  the 
0   1  n 

complement  of  the  closure  of  the  unbounded  component  of  the  complement 

of  the  closure  of  M  =  I  J  M  ,  minus  the  interior  of  the  unit  disk.   A  twist 

n-1  n  1 

homeomorphism  g  from  the  annulus  1  2  r  £  3  -^   onto  itself  with  exactly  one 

fixed  point  F  will  be  constructed  and  a  continuous  nonnegative  function 

6:    [0,2it]   -*-  R  will   be   chosen   so   as    to   satisfy    the    following   requirements: 

(1)  6(6)    <  minid(P,g(P))  :    P   =    (r,9)    and   1    <    r   <    3  tjq  } , 

(2)  6(6)  =  0  if  and  only  if  F  =  (r,8)  for  some  r  with 
1  <  r  <  3  Yq,  and 

(3)  6(0)  =  6(2tt). 

As  a  matter  of  convenience  we  will  do  the  whole  construction  in  the 
Cartesian  plane.   Let  II(x,y)  =  ((y  +  1  — )cosx,  (y  +  1  —  )sinx)  and  then 
let  A  =  II   (A)  =  R  x  [-  —  ,2].   We  will  therefore  construct  a  homeo- 
morphism h  from  A  onto  A  which  moves  points  on  y  =  -  —  to  points  on 
y  =  -  — -  with  greater  x-coordinates  and  points  on  y  =  2  to  points  on 
y  =  2  with  smaller  x-coordinates  and  so  that  the  homeomorphism  g  from  A 
onto  A  which  satisfies  gll  =  1th  has  exactly  one  fixed  point  in  A,  which 
lies  in  intA.   Also  we  will  construct  a  continuous  nonnegative  map 
6:  R  ■*■   R  which  satisfies: 

(1')   6(x)  <  min(d(P,h(P)) :  P  =  (x,y)  for  some  y  in  [-  ~, 2  I } , 
(2')   6(x)  =  0  if  and  only  if  ll(x,y)  =  F  for  some  y  in  [-  — ,2], 

and 
(3')   6(x)  =  6(x  +  2mT)  for  all  real  numbers  x  and  all  integers  n. 
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Now  in  the  Cartesian  plane  the  appropriate  definition  for  6-chain  (still 

in  Birkhoff's  sense)  is  the  following:   The  sequence  of  points  P~,  P  , 

.  .  .  ,  P   is  a  6-chain  if  P.  is  in  y  =  -  — ,  for  each  k,  0  <  k  <  n,  P, 
'   n  0  20  k 

is  in  A  and  for  each  k,  0  <  k  <  n,  P.  , .  =  h(P,  )  +  (0,d,  )  for  some  d,  such 

k+1      k        k  k 

that  0  <  d,  <  6(h(P,  )).   Further  define  the  sets  M   to  be  (P  e  A:  P  =  PXT 
k        k  n  N 

for  some  6-chain  P„,  P P  I ,  let  M  =  I  J M„,  and  finally  let  S  be 

0    1  N  >■'  N 

u    x  N=0 

the  complement  of  the  closure  of  the  unbounded  component  of  the  comple- 
ment of  the  closure  of  M  u  { (x,y) :  y  <  -  ^r),  minus  {(x,y):  y  <  -  y^l . 
Note  that  if  the  function  6,  when  restricted  to  [0,2tt]  also  satisfies 
(1),  (2),  and  (3)  in  addition  to  (1'),  (21),  and  (3')  then  II (M  )  =  M  , 
n(M)  =  M,  n(S)  =  S,  and  II(9S)  =  9S  if  9S  is  the  boundary 
of  M  u  {(x,y):  y  <  -  -r-jr} .   So  in  the  sequel  we  will  consider  6-chains 
in  the  Cartesian  plane  only.   For  the  particular  homeomorphism  h  and  the 
particular  continuous  function  6  which  we  will  construct, 3S  is  computable 
in  an  elementary  fashion.   We  will  then  compute  that  part  of  9S  which 

,.    11   H-,      ,-  3 71   5 TT  -,  .       ,  ,       ^  ~   .  .    , 

lies  in  (I-  -r,Ti    U  <^r,~T~  I)  and  show  that  9S  is  not  a  simple  curve 

4  4      4   4 

(hence  9S  is  not  a  simple  closed  curve)  and  that,  moreover,  there  is  no 
simple  curve  in  S  \  h(S)  which  separates  y  =  -  — ,  from  y  =  2  (hence 
there  is  no  simple  closed  curve  in  S  \  g(S)  which  separates  r  =  1  from 


Constructing  the  Homeomorphism  h  and  the  Continuous  Map  6 

In  this  section  we  construct  the  homeomorphism 
h:  R  x  [-  -rx,2J  -»-»■  R  x  [-  yn",2]  and  then  the  continuous  map  6:  R  ->  R. 
The  homeomorphism  h  is  a  lift  of  a  twist  homeomorphism  g  from  A  onto  A 
which  has  exactly  one  fixed  point  and  6  is  a  continuous  nonnegative 
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function  which  satisfies  the  requirements  (!'),  (2'),  and  (3')  from  the 

previous  section  and  its  restriction  to  [0,2tt]  satisfies  the  requirements 

(1),  (2),  and  (3)  from  the  previous  section.   In  these  last  two  sections 

we  will  simplify  notation  by  writing  M  ,  M,  and  S  for  M  ,  M,  and  S,  if 

n  n 

the  context  is  clear. 


DEFINITION  3.1.   Let  h  be  the  homeomorphism  from  R  *  [-  — ,  2  ]  onto 
R  x  [-  -—^,2}   defined  by  h  (x,y)  =  (x,  f  (y))  where  each  homeomorphism 


,2] 


1 


, 2  ]   is   defined    in   the    following  way: 


20'  20' 

(1)      if   x   =   0,    tt/211,    or,    2tt   -    Ti/2n    for   n  =   2,    3,    4, 


,    let 


f   (y) 


20 


>' 


10 


-  J 


+   3 

y  +  ^ 


4 

4y   -    3 

y 


5_ 
10 

_9_ 

JO 


y  * 


10 

y  *  i 


l  <  y  ^  2, 


(2)      if   x  =   3 tt/2      or    2tt   -    3tt/2    ,    for   n   =   4,    5,    6, 

1 
y  "    20 


,    let 


f  (y)  = 


1 r 

> 

5 

2n 

-   6 

5- 

2n 

-   15 

1 
4 

>+i 

4y   - 

3 

y 

0    <  y 


y    <  0 
=    „n+l 


5-2 


n+1 


30 


3tt 


5tt 


(3)      if  ■-  <   x  <  —,  let 
4                    4 

1  -1 

2  y  40 


f  (y)  = 


20 

y      + 


y 

3 

4 

2y   -   1 

y 


20 

i_ 

10 
9 


3  «,  1 

2n+l        y        2 

1  ,    9 

2  y        10 

9 

—   <  y   <   1 
10        y 

1    <    y    <    2,    and 


10 
_9^ 
10 


<   y   <   1 


10 

1    <    y    <    2. 
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So  far  we  have  defined  homeomorphisms  f   for  every  x  e  B  where  B  is  the 

x 

union   of    {0,    it/2    ,    2n   -   tt/2    :    n  =    2,    3,    .     .    .}, 

{3^/2n,    2t7  -    3Tr/2n:    n   =   4,    5,    6,    .    .    .},    and    {x:   —■  <   x  <  ~)  •      If 

4        4 

x  e  [0,2tt)  \  B,  let  b  be  the  smallest  element  of  B  which  is  larger  than  x 

and  let  a  be  the  largest  element  of  B  which  is  smaller  than  x.   There  is 

a  unique  number  A  between  0  and  1  so  that  x  =  Ab  +  (1  -  A)a.   Define  f 

by  f  (y)  =  Af,  (y)  +  (1  -  A)f  (y) .   If  x  Is  C0,2tt)  then  there  is  exactly 
x        b  a 

one  integer  n  and  one  x  e  [0,2tt)  so  that  x  =  x  +  2mi .   Define  f   by 

f  (y)  =  f_(y). 

x       x 

The  following  lemma  is  an  immediate  consequence  of  the  definition 
of  h  . 

LEMMA  3.2.   The  homeomorphism  h  :  R  *  C-  — ,  2J  -»-+•  R  *  [-  ~^7r,2]  has 
the  following  properties: 

(1)    V  Rx  [-i.lJ^R,  [-il], 

(2)  V  Rx  r-i^].Rx  [-i-^], 

(3)  h  (x,y)  =  (x,y)  if  1  <  y  <  2,  and 

(4)  h  (x  +  2nir,y)  =  h  (x,y)  +  (2mr,0)  for  every  integer  n. 
DEFINITION  3.3.   Let  h   be  the  homeomorphism  from  R  x  [-  y^,2]  onto 

R  x  [-  ^?r,2]  defined  by  h  (x,y)  =  (k  (x) ,  j  (y))  where  the  homeomorphism 
k  :  R  ->  R  and  j  :  [-  ^,2]  ■+->  [-  r?T,2]  are  defined  in  the  following  way. 


Define  k   by 

y 


20'         20' 


x  +  Ti  -  i  <  y  <  1 


k  (x)  = 

y 


x  +  (-2iry  +  3it)       1  <  y  <  2. 
If  x  =  0,  let  j  (y)  =  y.   If  x  =  tt,  let  j   be  defined  by 
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'"  <  y  <  1 


1  (y)  = 


20 


(y  -  l)2  +  1      1  <  y  <  2. 


If  x  c  (0, it),  then  there  is  a  number  A  between  0  and  1  so  that 

x  =  Att  +  (1  -  X)-0;  so  define  j   by  j  (y)  =  A  j^(y)  +  (1  -  A)J0(y).   Note 

that  j  (y)  =  -  ((y  -  l)2  +  1)  +  (1  -  J)y.   If  x  e  (ir,2ir),  let 

j  (y)  =  j  9    (y)>   Finally,  if  x  k  [0,27T),then  there  is  exactly  one 

integer  n  and  one  number  x  e  [0,2tt);so  that  x  =  x  +  2mr,  so  define 

jx(y)  =  j-(y). 

The  following  lemma  is  an  immediate  consequence  of  the  definition 
of  h2: 

LEMMA  3.  A.   The  homeomorphism  h  :  R  x  [-  Jf.,2^  ++   R  x  [-  JF)*2^    has 
the  following  properties: 

(1)  h2(x,y)  =  (x  +  ir,y)  if  -  —  <  y  <  1, 

(2)  h  (x,y)  =  (x  -  Tr,y)  if  y  =  2, 

(3)  h„(x  +  2mr,y)  =  h  (x,y)  +  (2nTT,0)  for  every  integer  n,  and 

3 

(4)  { (0  +  2nir  --):  n  is  an  integer}  is  the  set  of  fixed  points 

of  h2. 

DEFINITION  3.5.   Let  h  =  h  -hn  and  let  h  (y)  be  the  y-coordinate 

2   1  x 

of  h(x,y) . 

The  proposition  which  follows  is  an  immediate  consequence  of  the 
definition  of  h,  and  in  turn  the  definitions  of  h  and  h  . 

PROPOSITION  3.6.   The  homeomorphism  h:  R  x    [-  ^,2]  -k>  R  x  [-  ■jr,2'i 
has  the  following  properties: 

(1)  h(x,y)  =  (x  +  ?T,y)  if  y  =  -  — , 

(2)  h(x,y)  =  (x  -  TT,y)  if  y  =  2, 

(3)  h(x,y)  =  (x  +  7T,  f  (y))  if  -  YcJ  <  y  <  1, 
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3 

(4)  F  =  { (0  +  2nn  ,-„■):  n  is  an  integer}  is  the  set  of  fixed  points 

of  h, 

(5)  h(x  +  2mi,y)  =  h(x,y)  +  (2nir,0)  for  every  integer  n,  and 

(6)  h(x,y)  +    (x,y)  +  (2n7r,0)  unless  n  =  0  and  (x,y)  e  F. 

Note  here  that  the  homeomorphism  g:  A  ->->  A  induced  by  h;  that  is, 
the  unique  homeomorphism  g  which  satisfies  gll  =  ITh,  is  a  twist  homeo- 

1   „s       /.I 


mo 


rphism  of  A  which  has  g(l,6)  =  (1,6  +  tt)  and  g(3  7^,8)  =  g(3  xx,    6  -  tt)  . 


Furthermore,  the  only  fixed  point  of  g  is  11(F)  =  (0,2  -xx)  ■      Before  de- 


20'  '         &w  20' 

20' 


fining  the  function  6  we  prove  the  following  lemma 

^  > 

16tt 


3x 
LEMMA  3.7.   If  0  <  x  <  tt,  then  d((x,y),  h(x,y))  >  77—  and  if 


3(2ti   -   x) 
tt    <   x   <   2tt    then   d((x,y),    h(x,y))    a  7^— . 

PROOF.   Suppose  x  e  (0,tt].   If-yo~y-ror7"-y-  2,  then 

d((x,y),  h(x,y) )  >  |k  (x)  -  x|  >  min{ |k  (x)  -  x | :  -  —  <  y  <  -  or 

—  <  y  <  2},  but  this  minimum  occurs  at  y  =  7  and  y  =  7  where 

4  H  4 

Ik    (x)    -  xl    =    I  -2iry   +   3tt  I    =  7.      If  7  <  y    <  -then   d((x,y),    h(x,y))    > 
1    y  1         1        •/  '2  4        '         4 

|j    (y)    -  y|    >  min{|jx(y)    -  y  | :   -  <  y   <  -} .      Since   d(j^(y)    -   y)/dy   = 

x  x  3  1         1     5       7 

—  (2y  -  2)  -  —  -   0  at  y  =  — ,  the  minimum  of   j  (y)  -  y  on  7  <  y  ^  7 
tt  tt  2  X  4        4 

5      3         7 
occurs  at  either  y  =  -r,    y  =  — ,  or  y  =  7-.   Computing  we  get 

1       ,5,         5,  3x        |.    ,3v         3i  x  .    1.     ,7.         7,         llx  . 

(t)    -  t \    =  tt^,      1    (vr)    -  x \    =  7~>    and      1    (7)    _  T     =  T^~>    ana   so    the 
IJx   4  41         .1 6  tt  '     IJx    2  21         4tt'  IJx   4  41         16tt' 

3x  3x  5  7 

minimum   value    is  —7-.       Hence   d((x,y),    h(x,y))    >  77—   for  -  <   y    <  — .       Now 
16tt  Idtt  4  4 

since  —  <  ~  for   all    x   e    ( 0 ,  it  ]  ,    d((x,y),    h(x,y))    >  7—  for   all   x   e    (0,tt]. 

16l     /  1 0  TT 

Clearly  if  x  =  0,  this  same  inequality  holds.   If  x  t     (tt,2tt)  and 

—  XX  ^   y  -:  T  or  T  -  V  -  2  then,  as  in  the  first  case,  d((x,y),  h(x,y))  >  — , 
20       4     4  z 

If  —  <  y  <  -then  d((x,y),  h(x,y))  >  min{|j  (y)  -  y | :  —  <  y  <  7}  and  by 
definition  j  (y)  =  j  ~    (y)  so  that  min|j  (y)  -  y|  =  min|j     (y)  -  y|  = 

X  ZTT-X  X  ZTT-X 

3(2?   ~    x).       Hence    for    x   e    (tt,2tt),    d((x,y),    h(x,y))    >    3(2"~    x)~-         D 

lOTT  iDff 
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DEFINITION  3.8.   Define  the  continuous  function  6  :  R  ->  R  first  on 
[0,2tt)  by 


(x)    =      { 


IOtt 


20 


2ti    -   x 
IOtt 


0    <    x    <  - 

IT  3lT 

'i  <  x  -T 


3ir 


<    x    <    2tt. 


If  x  !s  [0,2tt),  then  there  is  exactly  one  integer  n  and  one  number 
x  e  [0,  2tt)  so  that  x  =  x  +  2mr,  define  <5  (x)  =  6(x). 

LEMMA  3.9.   For  every  real  number  x,  6(x)  <  min{d((x,y),  h(x,y)) 
<  y  <  2}. 

PROOF.   It  is  sufficient  to  prove  that  the  inequality  holds  for 
x  e  [0,2tt),  because  if  x  =  x  +  2mr  where  x  c    [0,2tt)  then 
d((x,y),  h(x,y))  =  d((x,y),  h(x,y))  and  6 (x)  =  5  (x)  .   So  first,  if 
x  e  [0,^],  then 

6(x)  =  ~  <  ^  *  min{d((x,y),  h(x,y)):  -  ~   <  y  <  2}. 


1_ 

20 


If  x  e  (^,tt  ],  then 

6(x)  -^  <^,^,min{d((x,y),  h(x,y))  :  -  ±   S  y  *  2} 


If  x  e  (tt,-z-),  then 


.  /  \    1   3(2tt-3tt/2)3(2it-x),  .  r  ,, ,        \  ,  /    \x   1  ,  „  ,  n 
<5(x)  =  ^<  "   i/:"- —  <"   u-;-<minld((x,y),h(x,y)):--  <  y  <  2}. 


20     16n 


16tt 


20 


And  finally,  if  x  e  [— ,  2tt),  then 


6(x)    = 


2tt    -    x         3(2tt    -    x) 


IOtt 


16tt 


<   mi 


n{d((x,y),    h(x,y)):    -  —  <   y   <   2} 


20 


Hence    for   all    x,    6(x)    <   min{d((x,y),    h(x,y)):    -  ^  <   y    <    2}.         D 
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PROPOSITION  3.10.   The  function  6;  R  4  R  is  a  continuous,  nonnegative 
function  with  the  following  additional  properties: 

(1)  6  (x  +  2nff)  =  6  (x)  for  all  integers  n, 

(2)  6(x)  <  min{d((x,y),  h(x,y)):  -  -~  &   y  ^  2},  and 

(3)  ^ (x)  =  0  if  and  only  if  x  =  0  +  2nTt  for  some  integer  n,  that 
is  6(x)  =  0  if  and  only  if  (x,y)  e  11(F)  for  some  y  e  [-  ~,2]. 

PROOF.   That  6  is  continuous,  nonnegative,  and  has  properties  (1)  and 
(3)  is  immediate  from  the  definition  of  6.   Property  (2)  is  the  previous 
lemma.    D 

Note  that  if  6:  [0,2tt]  ->  R  is  defined  the  same  as  this  function  6, 
that  is  by 


6(9) 


0 
IOtt 

0   < 

1 

20 

TT 

—    < 

2 

2tt    - 

e 

3tt 

IOtt 


3tt 


<  9  <  2tt. 


then  6(9)  =  0  if  and  only  if  0  =  0  and  6(G)  <  min{d ( (r , 0) , g(r , 9) ) : 

1  <  r  <  3  — } .   This  last  inequality  can  be  shown  by  reasoning  similar 


to  that  in  the  proof  of  lemma  3.7.   Suppose  0  c  [0,tt]  and  1  <  r  <  2  — 

0,  -  0  I  <  II  so  that 


or  2  j-  <   r  <  3  ~.   If  (^,9^  =  g(r,9)  then  | 


min{d((r,0),g(r,0)):l  <  r  <  2  |r  or  2  ~  <  r  <  3  ~}~ 


^  39  e 

Since  —  >  —r—  for  all 
2    16it 


20  "*  "  20    '    "  20' '"  2  * 

g  [0 ,  tt ] ,  we  have  min  d(  (r ,  0)  ,g(r ,  9) ) 


2  20  °r  2  20  "  r  "  3  ^}>   ife"   N°W  SUPP°Se  2  ™  "  r  "  2  U 


20 


20  : 


and    let    (r. ,    0,)    =   g(r,0);then   d((r,9),    g(r,8))    >    |r      -    r|    =    |j    (y)    -    y| 
11  ix 

where    x   =    0;     (x,y)    £    II      (r,0),    hence    the    same    estimates    apply   as    in    lemma 

30 
3.7,    so    that    d((r,G),    g(r,9))    >  r-g-.      As    before,    if    9    e    (tt  ,  2tt),  then 
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d((r,0),    g(r,6))    >    ~ 2\,      6).      Hence    6(0)    <  min{d ( (r ,0) ,    g(r,0)):    1 

1D7T 


Determining  3S 


Using  the  function  6 :  R  ->  R  and  the  homeomorphism 

h:  R  *  [-  TT?r,2]  ->-*  R  x  r-  -7^,2]  construct  the  sets  M  =  {P:  P  =  P   for 
20  20  n  n 

some  5-chain  P„,  P, ,  .  .  .  ,  P  }.   For  each  positive  integer  n  let  3M 
0   1  n  n 

denote  the  boundary  of  M  u  {(x,y):  y  <  -  y^} . 

LEMMA  3.11.   For  each  positive  integer  n  3M   is  a  continuous  func- 

1    9 
tion  from  R  into  [-  — ,  — ]  which  is  periodic  in  the  sense  that 

3M  (x  +  2tt)  =  3M  (x)  for  all  x. 
n  n 

PROOF.   Since  M   =  {(x,y):  -  —  <  y  <  <5(x)}  and  6  (x)  <  —  for  all 

19  19 

x,  M   c  R  x  [-  — ,  r-r].   Suppose  M  c  R  x  [-  —  f   —  J  for  each  integer  k, 


1  <  k  <  n.   If  P  e  M  .there  is  some  point  (x.y)  in  h(M   ,)  so  that 
n  n-1 

20' 


P  =  (x,y)  +  (0,e)  where  0  <  e  <  6(x)  <  -^r.   Since 


h(M    )  c  h(R  x  r_  -i-t  — ])  c  R  x  [-  — ,  —  -], 
un-k     V       20'  10  ;       L   20'  10  ' 

M   c  R  x  [-  i,  Tn  +  ^]  -  R  x  ["  ~ A,  ~ ]•   Hence  M_  c  R  x  [-  i,  -i-] 


20'  10   20  20'  10  n  -        20'  10' 

20'  10- 


1    9 
so  that  8M   c  R  x  I-  — — ,  — r],  that  is,  the  set  9M  is  contained  in 


1    9 
R  x  [-  — —  — — ] .   Next  we  show,  also  by  induction,  that  3M   is  a  con- 
tinuous function.   [Note  here  that  in  general  this  is  not  the  case.] 
First  since  3M  =  {(x,y):  y  =  5(x)},we  can  set  y  =  3M  (x)  if  and  only 
if  (x,y)  e  3M  .   Notice  that  3M  (x)  =  6(x)  =   LUB  (y:  (x,y)  e  M  },  and 
3M   is  a  continuous  function.   Suppose  for  each  integer  k,  1  <  k  <  n, 
3M   is  a  continuous  function  and  set  y  =  3M,  (x)  if  and  only  if 
(x,y)  e  3M.  .   In  this  case  3M  (x)  =   LUB  {y:  (x,y)  e  M  }.   Since  h 

is  a  vertical  homeomorphism, h  (3M   ,  )  is  also  a  continuous  function; 

1    n-1 
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since  h„  is  n  horizontal  translation  of  it  units  on  R  x  [-  -—,1], 

h„h,  (3M   -, )  =  h(3M  ,  )  is  a  continuous  function.   Let  A(h(3M   n))  = 
2  1   n-1        n-1  n-1 

{(x,  y  +  6(x)):  (x,y)  e  h(3M  ,)}.   Then  A(h(3M   .))  is  a  continuous 

n-1  n-1 

function  and  A-h-3M   ,  (x)  =  h    (3M   ,  (x  -  tt))  +  5  (x)  where  h  (y)  is 
n-1       x-tt   n-1  x 

the  y-coordinate  of  h(x,y).   It  remains  to  show  that  A(h(3M   ))  =3M  . 

n-1     n 

Let  i|;(x)  =  LUB  (y :  (x,y)  e  M  }.   Therefore 

n 

0)(x)  =  LUB  {y  +  e:  (x,y)  e  h(M   .)  and  0  <  e  <  6(x)}.   Now 

n-1 

3M   ,  (x  -  tt)  =  LUB  {y:  (x  -  tt,  y)  e  3M   ,}.   Since  h  (3M   ,  (x  -  tt)  )  = 
n-1  n-1  x    n-1 

LUB  {y:  (x,y)  e  h(3M   ,)},  so  that  h  ( 3M   ,  (x  -  tt))  +  6(x)  = 
n-1  x    n-1 

LUB  {y  +  e:  (x,y)  e  h(3M  ,)  and  0  <  e  <  6(x)}  so  that 
n-1 

li(x)  =  h  (3M   ,  (x  -  tt))  +  6  (x)  ,  di  is  a  continuous  function, 
x   n-1 

Since  \b  =  {(x,  \\>  (x) )  :  x  c  R}  c  3M  and  \Jj  is  connected,  ijj  =  3M  so  that 

n  n 

3M  is  a  continuous  function  and  3M  (x)  =  h    (3M    (x  -  it))  +  <5(x).    D 
n  n       x-tt    n-1 

LEMMA  3.12.   Let  L(x)  =  LUB  {y:  (x,y)  e  M> .   For  each  x  e  R  the 
following  hold: 

(1)  3M  (x)  <  3M   ,  (x)  <  L(x)  <  1  for  every  nonnegative  integer  n, 

n        n+1 

(2)  L(x)  =  lim  3M  (x) , 

n-x»   n 

(3)  L(x)  =  lim  3M,  ,„  (x) ,  for  every  nonnegative  integer  k,  and 

n^o   Vf2n 

(4)  L(x)  =  L(x  +  2k.Tr)  for  every  integer  k. 

1    9 
PROOF.   Since  M  c  M   .cMcRxT-  ~t   — -J  for  every  nonnegative 
n    n+1  ^U   1U 

integer  n,  3M  (x)  <  3M  , 1 (x)  <  L(x)  <  1.   Since  {3M  (x) }     is  non- 
n        n+1  n    n-U        m 

decreasing  and  bounded  for  each  x,  lim  3M  (x)  exists  and  since  M  =  [J  M 

n+™   n  n=0 

L(x)  =  lim  3M  (x) .   Because  any  subsequence  of  a  convergent  sequence 
n-x»   n 

converges  to  the  same  limit,  L  (x)  =  lim  3M,  ,,,  (x)  for  every  nonnegative 
°  n-yco    k+zn 

integer  k.   For  each  nonnegative  integer  n,  and  each  integer  k, 

(x,y)  e  M  if  and  only  if  (x  +  2kir,y)  e  M  ;  therefore  (x,y)  e  M  if  and 
v  ,J '  n  n 

only  if  (x  +  2kiT,y)  c  M;  hence  L(x)  =  L(x  +  2k-rr)  for  all  integers  k.    Q 
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LEM1-1A  3.13.   The  scL  M  U  l(x,y):  y  S  -  — -}  is  simply  connecLed. 

1   c 
PROOF.   Let  A  =  (M  u  {(x,y):  y  <  -  -^r} )  ,  then 
n     n  2U 

A  =  {(x,y):  y  >  3M  (x) } .   Each  A   is  closed,  connected,  and  contains 
n  n  n 

{ (x,y) :  y  >  2},  and  for  every  nonnegative  integer  n,  A    c  A   so  that 


Pi  A   is  connected.   Adjoining  the  point  at  infinity  to  f*\A      results 

1] 
20J 


n=0  2  n=0  3   c 

in  a  connected  set  E  (now  in  S  )  and  E  =  (M  u  {(x,y):  y  S  -  — } )   (in 


2  1 

S  )  so  that  M  u  {(x,y):  y  <  -  y^}  must  be  simply  connected.   (An  open 

2  2 

connected  set  in  E   is  simply  connected  if  its  complement  in  S   is 

connected . )    U 

Note  that  this  last  lemma  does  not  quite  show  that  M  =  S.   Before 
proving  the  next  lemma,  which  is  at  the  heart  of  the  calculation,  we  need 
a  definition. 

DEFINITION  3.14.   For  each  (x,y)  e  R  x  [-  ^,2]  let 


20' 


i|>  (y)  =  f  ,  (f  (y)  +  6(x  +  ir))  +  6(x). 

X  X+TT    X 


LEMMA  3.15.   For  every  x  e    R  and  every  nonnegative  integer  k 

L(x)  =  lim  i|,n(-  ~)  =  lim  ^n(9M  (x)). 
n-x»   x    zU     n~>"°°  x 

PROOF.   Note  that  3M  (x)  =  -  -—  =  ij;  (x)  .   Suppose  that  for  each 

integer  k,  1  <  k  <  n,  3M„.  (x)  =  i>k (-  -~) .   Then  9M„  , .  (x)  = 
zk       x    zU  zn+i 

h    (9M0  (x  -  tt))  +  5(x),  by  the  last  sentence  in  the  proof  of  lemma 
x-tt    Zn 

3.11.   So  9Mn  in(x)  =  f    (3M_  (x  -  it))  +  5  (x) ,  since  3M   (x  -  it)  is 
2n+l       x-tt   zn  zn 

in  R  <  [-  — ,lj,and  on  R  x  [-  y^.ll  h   is  a  horizontal  translation  so 
that  the  vertical  motion  is  all  due  to  h  .   So 

3M„    (x)  =  h    (3M„    (x  -  tt))  +  5  (x) 
2n+z       x-7T    zn+1 

=  h    (f   _  (3M„  (x  -  2tt))  +  6(x  -  tt))  +  6(x) 

X-TT    X-ZTT      Zn 

=  f    (f   .  (3M„  (x  -  2tt)  +  6(x  -  tt))  +  &  (x)  . 
x-tt   x-ztt    zn 
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Now  each  of  h,  ?M_  ,  and  iS  is  periodic  so  that  x  may  be  replaced  by 

x  +  2 it  in  the  last  equation  so  that  9M„  ,„(x)  = 

2n+2 

f    [f  (9M„  (x))  +  6  (x  -  tt))  +  6(x).   So  using  the  induction  hypothesis, 

x-tt  *•  x   2n  ' 

we  have  3M_  ,  0  (x)  =  f    (f  (ijA-  ~r)  )  +  6  (x  +  tt))  +  6  (x)  ;  hence 
2n+2       x-tt  v  x  x   20  ' 

3M„  ,_(x)  =  *n+  (-  ^7,).   Hence  lim  v|)n(-  — )  =  lim  3M   (x)  =  L(x)  and 
2n+2       x     20  r,^  x   20    n_>«,   2n 

lim  >J)n(3R  (x))  =  lim  3M     (x)  =  L(x).    D 

LEMMA    3.17.      If   x  e    L2kir  -  — ,    2kir   +  —  ]    for   some   integer  k   then 

4  4 


*   (y)   = 


t  f   (y)  +  6(x) 

2      x 


f   (y)  +  6(x) 


<  v   <   0 

20        y 


0    <    y   < 


10' 


PROOF.      From   the   Drevious    lemma  we  have  tJj    (y)  .= 

x 

f         (f    (y)    +  6(x  +  tt))    +  6(x).      Now   6  (x  +  tt)    =   20    for   all 

X+TT         X 

x  €    [2kTT   -  y,    2kTT  +  }].      If   -  ^r  <   y   <   0,then   f    (y)    =   y   so    that 
4  4  zU  x 

-  ~   <    f    (y)    <    0,    and    then    0   <    f    (y)    +  yx  <  ^qJ    therefore 


l(fx(y)  +i}  --^-ifx(y)sand  thus 


f         (f    (y)    +   <5(x)) 

X+TT         X 

1(1    (y)    =  -|   f    (y)    +   6(x).       If    0    <   y    <  — ,  then   0    <    f^y)    <  —  so    that 

h  <  fx(y)  +  h  *  M;  therefore  fx+,(fx(y)  +  i}  =  (fx(y)  +  #  -  -k- 


and    thus   ij>    (y)    =    f    (y)    +  6  (x) 


n 


LEMMA    3.18.      If   x  f    [  2kTT  +  — -,    2kTT   +  -^^    for   some   integer   k,  then 

4         4 

the  following  hold: 


(1)  there  is  a  smallest  integer  N  =  N(x)  so  that 
0  *  A.  (~  -bd    <  <5(x  +  it),  and 

X+TT  20 

(2)  if   n   >   N    then    9M„      .  (x)    =    {\\>    ,    )"(-  -^)   +   ™  -   6  (x  +  tt)  . 

2n-l  x+tt 


20' 


PROOF.   Without  loss  of  generality,  assume  x 


20 
r  3ti      5tt 
4  '     4 


If   y   <   0, 


then         f    ,„(y)    =   y    and    f         (y)    +   6(x)    =   y   +  —  <  — ;  so  that 


X+TT 


fx(y  +  2o}  =  2  (y  +  2o}  -  40-   Hence  Wy)  =  f-(f— (y)  +  6(x))  +  6(x+^ 


20    "    20' 

X         X+TT 


y  + 


IOtt 


■;    -    n 
IOtt 


rr/4         1       ,  .  1         , 

T7T  =  77^>    hence  as    long  as  —  y  + 
IOtt        40  2 


IOtt 


remains    less    than   zero   we   can   iterate   iJj    ,      using   the    formula 

x+tt 


W^    =    2 


y  + 


,n-l. 


IOtt 


IOtt 


N0W      ^'X+TT^^      2^     "    ^     ^     2^     +      (]     +    1    +     ■      ■       ■      + 

So,    clearly 


so    that    (^x+Ty)n   =  7TT   (-   20")    +    (2 


1 


IOtt 


N  1 

there   is   a    first  N,  depending  on  x,  so    that    (\|>        )    (-  ~)    >   0.      Therefore 
'       r  °  x+tt  zO 

VN-1,       1  -         -  -  ,.         sN-1 


x+tt  20  x+TT      x+tt  2(J 


x+tt 

1  N-l    1 

2  (W    (-  20}  + 


IOtt 


x+tt  vr  x+tt'       20' 
<  0  +  6  (x  +  tt)  .   Hence,  so  far  we  have  shown 


0  <  (ill    )N(-  tk)  <  <S(x  +  tt).   Also  note  that  (vj)    )n(-  -ryr)  >  0  for  all 
x+tt      zU  x+tt      zu 

n  >  N.   Suppose  that  n  >  N  +  1  =  N(x)  +  1.   Since  3M„   ,  (x)  = 
rr  zn-1 

h  .  (3M_   ,(x  +  tt))  +  6(x)  =  f  +  (3M    (x  +  tt))  +  j-  = 
x+tt   2n-2  x+tt    zn-z  zl) 


x+^<*x+TT>n"1(-  l0))    +i0>    wehaveBM^Cx)    *  -.       Since 

9_t   _   r_  1 

20'    10 


f     •  r-  ±  - 

x+tt      l      20'    20 


l"    20'    To3    3nd    fx:    ["    20'    10J       '       '    ™'    ^' 


3M2n-l(x)    *T0  +  W   <    W    S°    that  ^  S    8M2n-l(x)    <  To'      Therefore 

3M„  (x  +  tt)  =  h  (3M0   ,  (x))  +  6(x  +  tt)  =  f  (3M_   .(x))  +  6  (x  +  tt)  = 
2n  x   2n-l  x   zn-l 


3M„    (x) 
2n-l 

3M„   , (x) 
2n-l 

so  that  3M 


„  +  6  (x  +  tt).   Thus  we  have  3M„  (x  +  tt)  = 
20  2n 


20 
_1_ 
20 


+  6(x  +  tt)  and  8M2n-l(x-)  =  9M2n(x  +  ^  +  20  ~  6  (x  +  ^ 
2n.1(x)  =  (\+,>n^-20)  +21o-5(x  +  ^) 


D 


LEMMA  3.19.   If  x  e  [(2k  +  1) tt  -  y,  (2k  +  1)tt  +  -r]  for  some  integer 

A  4 

k,  then  L(x)  =  L  (x  +  tt)  +  jt  -    5  (x  +  tt)  . 

PROOF.   By  the  previous  lemma  3M„   . (x)  = 
J  r  2n-l 

^x^A  *>>  +  TO 


i(x  +  tt).   Hence  L(x)  =  lim  9M     (x) 


JS  ^x+/(-^)+^-6(x  +  ^-   S°L(X)  = 

lim  (t|)  .  )"(-  ~)  +  yx  -  6(x  +  tt);  therefore  L(x)  = 
n^o   x+tt      20     20 

L(x  +  tt)  +  ~q  -  6(x  +  tt).    D 

Although  the  next  proposition  is  well  known  a  proof  is  given  for 
the  sake  of  completeness. 


79- 


PROPOSITTON  3.20.   Let  t  be  a  homeomorphism  of  the  interval  [a,bl 

onto  the  interval  [a',b']  with  a  <  a'  <  b'  <  b,  which  has  x(a)  =  a'  and 

x(b)  =  b'.   If  t  (x)  e  [a,b]  and  t    (x)  >  t  (x)  for  all  nonnegative 

integers  n,  then  lim  t  (x)  =  x   is  the  first  number  greater  than  x  so 

that  x   =  t(x  )  • 

PROOF.   Since  {t  (x) }  _   is  bounded  and  increasing  lim  x  (x) 
n— 1  n->«= 

lim  t  (x)  .   Now  t(xn)  =  xlim  x  (x)  =  lim  x    (x)  =  x  . 


exists;     let  x 


0 


number  x   is  the  first  number  greater  than  x  for  which  T(xn)  =  xn  holds 

since  [x,x  )  =  Mi  (Tx,x(x))J  is  a  disjoint  union. 
U    n=0 
Now  we  are  ready  to  calculate  L(x)  on  [0,  ~r\  • 


D 


THEOREM  3.21.   If  x  e  [0,  -J  and  n  is  an  integer,  n  >  2  then 


The 


L(x)    = 


n+3         .    n 
3*2  Tf/2      -    x 


2x         1 
15ti    +   2 


3-2 


n+2 


tt/2 


3tt 
n+2 


5-2 


971 


5-2 

9tt 
„n+3 


n+1 


9tt 
,n+3 


371 

.n+1 


x   =   0. 


PROOF.   The  calculation  proceeds  as  follows.   Since 
L(x)  =  lim  i(jn(-  ■—)    for  each  x  in  (0,  j] ,    by  the  preceding  lemma  L(x) 

is  the  first  number  y  so  that  \\i    (y)  =  y.   (Note  that  each  i>      is  a 

1    9 
homeomorphism  of  [-  — ,  —J  into  some  subinterval  of  itself.)   There 

are  four  cases  to  consider:   Case  (1)  in  which  x  =  tt/2  ,  n  =  2,  3,  A, 


.  ,  or  x  =  0;  case  (2)  in  which  x  =  3tt/2  ,  n  =  4,  5. 
.n+2 


;    case 


(3)    in   which    3tt/2  <    x    <    tt/2    ,    n    =    2,    3,     .     .     .     ;    and    case    (4)    in 

dhich    ir/2n        <    x    <    3tt/2         .       In   each    case   a    smallest    solution   is    found 
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for    .'■    (y)    =   y.      Since    the   graph   of    \\>      does   not    cross    the    identity  on 

1  9 

[-  ypr,    0),    it   is   sufficient    to   solve   for   ty    (y)    =   y,    y    e    [0,   — ] . 

Case    (1)  .      Let   x   =   tt/2    ,    n  =   2,    3,    4,  .    .    .     .      Then  using   lemma   3.17. 

f  i  s 


y  + 


2n+1.5 


0  s  y  K~  To 


*  (y) 


iy+l  + 


4y   -    3  + 


2n+1-5 


2n+1.5 


_5_ 

10 


_9_ 

10 


y  *  JL 

y       10 


y  <  1. 


On  [0,  ttt!  the  graph  of  iJj   has  slope  1  thus  does  not  cross  the  identity. 
10  x 

5   9 
The  graph  of  iJj  must  cross  the  identity  on  [ttt,  tx]  since 


f  (Tn) 


5  +    X 


5     ^  ,  (9   \    -   6  + 


10'  10" 

1 


xv10y    10  '  2n+1-5    1°  """  *Vl0'    10  '  2n+1-5  <   10'   S°  ^  S°1Ve 

for  y  in  y  =  —  y  +  —  H — r, ,  obtaining  y  «=  —  H — -y.   Hence  at 

h  a        2         *5  3"5'2 

x   =    ir/2n,    L(x)    =  -i-  +  1    -    i  ■      Note    that    L(7i/2n)    >    L(Tr/2n+1)    and    that 


3-5-21 


1 


lim  L(tt/2    )    =  — ,      Let   x  =   0.      Then   using  lemma    3.17 
n-Ko  2 


My)  = 


y  +  0 


h  +  h° 


0   <   y 

_5_  k 
10   <  ' 


10 


10 


4y   -    3  +  0 


10 


<  y   <   1. 


Hence  the  first  solution  of  \p    (y)  =  y  is  at  y  =  0.   So  L(x)  =  0. 


Figure    25.      The   graphs  of   tji      and    the   identity    for   x  =   it/2 


Case    (2).      Let   x  =    3tt/2    ,    n  =   4,    5, 


Then  using  lemma  3.17. 


f> 

3 

15 

-  y 

+ 

5 

2r 

+1 

n 

5- 

2 

- 

b 

0  <  y  < 


,n+l 


i|>  (y)  = 


_9 3      _JS__     s  1 

5-2*-  15  '    5.2n+1-30   5-2n+1   2n+1  "  "  '  2 


1     4-  3  4-     3 

4  y  +  q  + 


8    c  „n+l 


Ay  -  3  + 


5-2 

3 


1  <-  9 
—  <  v  <  — 

2  y    10 


5-2 


n+1 


10 


<  y  <  1. 
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Since   *x(0)    =   ~jm    >   0   and   ^J^+j]    =  J^H+T  <  T^nTI'    the   graPh  of    ^x 

3 
intersects    that   of    the   identity   on    [0,      n+]J  •      So   solving   f°r   Y   in 

6,3  ,  1  ,,  -i/onT/\l 

y  =  — ■  y  +  — rr  we  obtain  y  =  ~^+j-      Hence   at   x  =   3tt/2    ,    L(x)    =      n+j_. 

Note    that    lim  L(3ir/2n)    =   0. 
n-xjo 


Figure    26.      The   graphs   of   ip      and    the    identity    for   x   =   3tt/2 


Case    (3).      Let   x  =    A  —  +    (1   -    A)   -Or  for   n  =    2,    3, 


n+1 


and 


0   <    A    <    1.      Since   6    is   linear   on  [0,   7O.  we   have 

4 

6(x)  =  A-6(— pj-)  +  (1  -  A)  5  (-  n+2)  =  — — j^f3~-   So  that  using  lemma  3.17 


*  (y)  = 


sn  6    ,   3  +  X 

Ay H  (1  - A)  15 y  +  — ^3 


Ay  +  (1-A)15'2„   6   y 


3  +  A 
W-n    :)-2n+1-30^5.2n+3 


1     4.  3  4.    3  +  A 

'■    y  +  o  + SI 


4y  -  3  + 


5-2 

3  +  A 


5-2 


n+1 


0  <  y 


,n+3 


3       <   l 
<  v  <  — 

,n+3   y   2 


i  <  y  <-   ' 


10 


—  <  v  <  1. 
10   y 


There  are  two  possibilities:   Either  the  first  segment  of  the  graph  of 
ijj   crosses  the  identity  and  that  intersection  gives  L(x),or  if  the  first 
segment  does  not  intersect  the  identity, then  the  second  also  does  not 

since  its  slope  is  greater  than  one,  and  then  the  third  segment  must 

•  ,         -  •  ,9,  6!3+A9  , 

cross    the    identity   since   ij>    (rrpr)    =  77:  H ttt  <  — —     so    that    intersection 

x  iU    iU    5*2 

must  be  L(x) .   These  two  possibilities  are  illustrated  in  Figure  27. 

3 
Suppose  i>    (y)  =  y  for  some  y  in  [0,  n+-i J.   Then 
x  2 

y  =  Ay  +  (1  -  A)  -rr-  y  H f^TJ  ar>d  so  solving  for  y  we  find  that 

y  =  ttt7  1 r.   This  will  be  the  intersection  of  i>      with  the  iden- 

3. 2    1  -  A  x 

tity  only  if  0  <  y  <  ^3,  that  is  only  if  0  <  ^n+J  f^T  ~  ^+3' 

3 
Solving  for  A  we  find  that  0  <  A  <  — .   Otherwise,  that  is  for 

3  1     3    3  +  A 

-r  <  X   £   1,  the  first  solution  of  fy    (y)  =  y  is  from  y  =  —  y   +  —  H rrr 

j  x  485. 9       J 

_i                    1    ,       3   +   A  .  .  c  3n    1  /  c  tt  3tt    1 

so    that    y   =  —  H n+3~-       Now   since    A    =    (_x   -  — Z7"J  '  I- n   _      ^Tt"J»  we    have 


2 
the  following: 


5-2 


,n+3-' 


L(x)    = 


_1 j 

n+3       .    1 

3-2  tt/  2 


i2L  +  I 

15tt         2 


3rr 
,n+2 


5-2 


9_n__ 
n+1 


9  71 


5-2 


n+1 
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Figure    27.      The    graphs   of    two    possible   i|>      and    the    identity    for 
3W2n+2   <   x   <    W2n.  X 


So    the    part   of   L  which    lies    in    3tt/2 


n+2 


i    9tt/ 5 •  2  is   a   closed 

n+3 


segment    of    a    hyperbola   with      asymptotes    x   =    it/2      and   y   =    -1/3*2 

The    part    of    L   which   lies    in    9  Tr  /  5  •  2  <    x    <    tt/2      is    a   half-open   segment 

,        r  2x     ,    1 

of    the   graph   of    y   =    r-r—  +  — . 
15tt        2 


n+2 


Figure    28.      The   graph  of  L    for    3tt/2  <   x   <   tt/2 


Case    (4).      Let    tt/2  i   x   ^    3tt/2  for   n   S    2.       There    is    some    A, 


0   <    A    <   1    so    that   x 


3-ir 
,n+2 


+    (1   -    A) 


>n+l' 


Since   6    is   linear  on 


CO,  1 1,  6<x)-A  6^  +  (1-  A)  6(--J?-) 


3.17, 


2  +  A 


,n+2J 


5-2 


n+3 


Then,  using  lemma 


Ay-5  y  +  (1  -  A)y  + 


.  f5-2"  -  6 

A   I y 


2  +  A 


5-2 


n+3 


n+1 


+  (1  -  A)y  + 


2  +  A 


*  (y)  = 


5-2  -  15     5-2    -  30 


1     3   2  +  A 
4  y  +  8  +  7^3 


4y  -  3  + 


2  +  X 


5-2 


n+3 


0  <  y 


5-2 


n+3 


5-2n+3   5-2 


I—  <y  $1 
n+3   y    2 


1       9 

o  <  y  * 


10 


10 


y  <  1. 
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By  the  same  analysis  as  in  case  (3),  either  the  first  or  the  third 

segment  of  the  graph  of  ty      gives  the  desired  intersection.   So  suppose 

<Jj  (y)  =  y  for  some  y  in  TO,  — — ] ,  that  is  y  =  A  — -  y+(l-A)y  + 
x  nn+j  ld 


Solving  for  y  we  obtain  y  = 


2  +  A 


5-2 


n+3' 


3.2n+3    A 
2  +  A     3 


This  is  the  desired  inter- 
's solving  for  A  we  obtain 


section  only  if  0  ^ 

3.211+3        A  5-2n+3 

T  <   A   <   1.      Hence  L(x)    =  r^  — r—  for  —  <   \    <   1 .      Otherwise,    that    is 

4  3. 2n+J    A       4 

for  0  <  A  <  -j   the  intersection  is  found  by  solving  for  y  in 

2   + 

5'2 


1  3,2   +   A  ,        .  1    ,       2   +   A 

y   =  T  y  +   o   +  TT?  to  obtain  y   =  ■=■  + 

8        5.2n+3  *        3-5-2 

1  x   -   7r/2n+1 


4 


n+1 


So    L(x)    =  i  +      "    +    ' 


2        3.5.2n+l 


for   0   <    A    < 


Since   A 


tt; tt",  we   have    the   following 

TT/2n+2  TT/?n+l 


3ir/2n+z   _    tt/2 


L(x)    = 


_2x_+l 
15tt        2 


3-2 


n+3 


,n+l 


,n+l 


<    x    < 


9tt 
n+4 


9tt      <        <      3tt 
2n+4    "   X    "    2n+2' 


9  71 

,n+4 


is   a   half-open 


Note    that    the    part   of    the    graph   of   L    in -r-  <   x 

0  2n+f 

2x  1 

segment   of    the   straight    line  y  =  — —  +  ~,    and   this   is    the   same    straight 
o  °15tt2 

9tt 


line  that  the  graph  of  L  in 


<  x  < 


is  a  segment  of.   The  part 


5«2n+2       9 n+1 

9  it         3  Tr 
of  the  graph  of  L  which  lies  in  — —  <  x  <  — —  is  a  closed  segment  of  a 


hyperbola  with  asymptotes  x  = 


ii 


,n+l 


>n+4 
and  y 


,n+2 


3-2 


n+3' 


Now  putting  the  in- 


formation together  from  the  last  two  cases  (the  first  two  are  just 
special  instances  of  these)  we  get  the  required  formula  for  L.    □ 
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Tt  3  IT 

Figure    29.      The   graph  of  L  on  — —  <  x    <  — —r, 


n 


O— O 


Figure  30.   The  graph  of  L  on  (0,  —J, 
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Note    that    for    (x,v)    c    [0,    -]    6(-x)    =    6  (x)  ,    6  (-x   +   it)    =    6  (x  +   tt)  , 

4 

f    (y)    =    f    (y),    and    f      ,    (y)    =  f    ,     (y)    so    that   ijj      (y)    =  t(i    (y) .      Hence 

-X  X  "  -X+TT  X+Tl  -X  X 

r     Tt     IT -, 

L(-x)  =  L(x).   So  that  so  far  we  have  computed  L  on  L-  ~r,   —  J.   Since 


L(x  +  2kTr)  =  L(x)  for  all  integers  k,  we  have  computed  L  on 

+cn 

UTT    „,        If-, 
[2k*  -  J,      2kTT  +  -]. 

5tt- 


COROLLARY  3.22.   If  x  e  Ttt,  -r-]  then 

4 


L(x)  = 


3-2 


X  -  TT        _1_ 

n+3   ti  ,  20 


2n 


+  TT  -  X 


IOtt 


2(x  -  ti)    1    \ 
15tt      2    20 


IOtt 


-  0n+2 

3-2    x  -  ti 


1   _  X  -   7 

20     IOtt 


,n+l 


3tt 
,n+l 


9  tt 


+  TT  <  X   < 


9  TT 


5-2 


n+1 


5-2 

9tt 
.n+3" 


n+1 


+  TT  <  X  < 


9TT 


+  TT  S  X   < 


n+3 


+  TT 


+  7f 


,n+3 


+  TT 


PROOF. 


lemma  3.18  L  (x)  =  L(x  +  tt)  +  —  -  6(x  +  tt)  = 


L(x  -  tt)  +  —■-  -    5(x  -  tt),  since  L(x  -  2tt)  =  L(x)  and  6  (x  -  2tt)  =  6  (x) 

for  all  x  e  R.   Using  the  formula  for  L  on  [0,  — ]  given  in  the  previous 

theorem  we  obtain  the  formula  for  L  on  Ttt,  —r- J .    D 

4 

3  71 

For   x   e    I  — ,    tt)  ,    L(x)    =   L(2tt   -    x)    and    since    L(x   +   2kTr)    =   L(x)    for 

4 

all  integers  k,  corollary  3.22  determines  the  function  L  on 

U   [2kTT  +1",   2kTT+^]. 

4  4 


THEOREM  3.23.   That  part  of  8S  which  lies  in 

I 


-  <  x  <  -  is 


homeomorphic  to  the  sin—  continuum,  that  is  to  {(x,y):  0  <  |x|  <  1  and 


sin-}  U  ({0}  x  [-1,1]) 


PROOF.   It  is  clear  from  the  formula  for  L  on  [-  — ,  y]  that  L  is 

4   4 


continuous  everywhere  except  on  (0,  ± 


9tt 


5-2 


n+1 


9tt 
,n+4 


n  >  2 } .   Now 


M  =  f(x,y):  v  '  L(x)}  so  that  9M  on  [-  — »  — ]  consists  of  the  graph  of  L 

together  with  the  union  of  the  segments  in  {{a}  x  [lim  infL(x),  lim  supL(x)]: 

x-+a  x->a 

L  is  not  continuous  at  a,  — r  <  a  <  -r \ .      The  set  S  is  defined  to  be  the 

4       4 

complement  of  the  closure  of  the  unbounded  component  of  the  complement  of 
the  closure  of  M  U  {(x,y):  y  <  -  — } ,  minus  { (x,y)  :  y  <  -  yxl .    So 

S  n  {(x,v):  -  -r  <   x   <  t)    is  the  same  as  M  n  {(x,y):  -  —  <  x  <  — }  and 

'  ■>  4       4  4       4 

9S  n  {(x,y):  -  -r  <   x  <  -r)    is  the  same  as  3M  n  {(x,y):  -  —  <  x  <  — } . 
,J  4       4  4       4 


Hence  the  conclusion  is  clear  from  the  formula  for  L.    D 

20 


Hence  we  also  have  that  TI(8S)  n  {(r,9):  1  <  r  <  3  — -  and 


-  —  <  0  <  t)  is  homeomorphic  to  the  sirr-  continuum.   Now  the  same  argu- 
4       4  x 

lent  can  be  used  to  show  that  3S  n  {(x,y):  -  — -  <  x  <  -  -— }  is  also 

4  4 

homeomorphic  to  the  sin—  continuum.   Since  3S  n  ({-it}  x  [-  — -,  2])  = 
x  lu 

{-n}  x  [i  ±1],  h(9S  n  ({-tt}  x  [-  i,  2]))  =  {0}  x  [0,  |].   Since 

h(S)  c  S,  h(S)  n  ([-  |,  J I  x  [-  i  2])  c  S  n  ([-  |,  J]  x  [-  ^  2])  and 

each  of  9S  n  ([-  |,  Jj  x  [-  -~,  2j)  and  h(9S)  n  ([-  J,  |]  x  [-  i,  2])  = 

9h(S)  n  (T-  —,  —J  x  [-  — —  2])  is  a  sin—  continuum  with  limit  set 
4   4       20  x 

{0}  x  [0,  —  ] .   Therefore  there  is  no  simple  curve  which  crosses  from 

TT  TT       — 

x  =  -  7  to  x  =  7  in  S  \  h(S).   This  implies,  for  this  particular  homeo- 
4        4 


morphism  h  and  continuous  function  6,  that  there  is  no  simple  curve  in 

20 


S  \  h(S)  which  separates  y  =  -  777  from  y  =  2.   So  that  there  is  no 


simple  closed  curve  in  tt(S)  \  g ( II ( S ) )  which  separates  r  =  1  from  r  =  3  — . 
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